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Abstract

Classification of blocks of subband samples according to their energy and variable bit allo
within the subsequent classes has demonstrated considerable gains in coding efficiency. T
due to classification increase as smaller blocks are used; however, this increases the overh
transmitting the classification information. In this paper, a quadtree based method is propose
method allows for more efficient classification by using variable-sized blocks in order to max
the classification gain, while maintaining a limit on the classification overheads. This meth
applied for subband coding of images and the results indicate that it performs better than th
methods currently available in the literature.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Subband coding [1] is known to be an efficient method of coding images at low bit-
In subband coding, the image is first decomposed into a number of critically sample
bands and then quantized and transmitted to the decoder. In a subband decompose
the different subbands usually contain vastly different amounts of energy. This prope
subbands is utilized in coding. The bands which contain more energy are quantized
a finer quantizer and those bands which contain less energy are quantized more co

The choice of fine and coarse quantizers corresponds with the number of bits
by each quantizer. Usually an optimization algorithm [3] is used to allocate bits to
subband according to the energy in that subband and the rate-distortion charact

* Corresponding author.
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1051-2004/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S1051-2004(03)00020-4
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of the quantizers being used. In effect, the optimization algorithm minimizes the m
squared-error (MSE) of the reconstructed image for a given overall bit-rate. In this fa
the non-uniform distribution of energy across the subbands is used to achieve compr
However, a close examination of a typical subband decomposed image reveals t
spatial distribution of energy within the subbands is also far from uniform.

Most of the energy within subbands is confined to areas corresponding to edg
strong textures in the original image. This non-uniformity within the subbands can b
ploited to make coding more efficient. Chen and Smith [2] proposed such a schem
coding of images using the discrete cosine transform (DCT). In their scheme, the im
divided into a number of equal-sized square blocks which are classified according t
energy. Each DCT coefficient within each class is then assigned a number of bits acc
to the average energy of the particular transform coefficient in that class and the ove
budget.

The Chen–Smith type of classification can be easily adapted for use in a subband
Each subband is divided into a number of equal-sized blocks which are classified acc
to their energies. An optimization algorithm is then used to select an appropriate qua
for each class of each of the subbands.

In the Chen–Smith type classification, the classes are chosen such that they are
populated. However, this is non-optimal and recently better classification scheme
been devised [8,10]. Joshi et al. [4] have provided a thorough study of a number of
fication schemes for subband coding.

Although classification provides considerable coding gain, this gain comes at a
The decoder needs to be made aware of the classification information. This is no
done by transmitting a classification table which indicates the classes to which the
of subband samples belong. Using smaller sized blocks results in a higher coding ga
it also increases the amount of classification information which needs to be transmit

The choice of an appropriate block size is a trade-off between the coding gain res
from classification and the amount of classification information. Several methods f
reduction of classification information have been proposed in the literature [4]. How
at low bit-rates (less than 0.5 bpp), the classification information can still amount
20% of the total bit budget.

The scheme proposed in this work aims to provide more efficient classification by
smaller blocks where required (in areas of high activity) and larger blocks in other a

2. A classification based subband coder

As mentioned previously, the energy in the subbands is not distributed uniform
a typical subband decomposed image, there are small areas of high activity which
spond to edges and strong textures, and large areas with little activity correspond
the smoother areas in the original image. We wish to exploit this property by alloc
smaller block sizes over the non-uniform (high activity) areas of the subbands and
block sizes in the areas of uniformity (low activity). This added degree of adaptivity a
for more efficient classification of the subband samples for a given classification bit b
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In the case of non-uniform block sizes, the decoder also needs to be made awar
sizes and the locations of the blocks used. We propose here to use the quadtree stru
to derive an efficient method of encoding the blocking scheme. In the following sec
we will describe the algorithms for generating the quadtrees and the methods of en
the quadtrees.

2.1. Generating the quadtrees

Similar to the binary-tree, the quadtree is a tree structure. However, instead of
branching off to two children as is the case for a binary tree, the quadtree’s nodes
off to four children.

In our application, the root of the quadtree corresponds to the entire image (or a
ular subband image) and each node which descends from the root corresponds to a
block within that image. The quadtrees used in this work are not balanced and he
encode them one bit must be sent along for each node in the tree to indicate whethe
that node is split.

Now we will examine how the quadtrees are generated. The aim of our quadtree
ation process is to split an image (or subband image) into small subblocks, each of
have roughly uniform properties. The algorithm used in this case is based on growi
quadtree one step at a time, while splitting a block in each step of the growth. The
of which block is to be split is made on the basis of an objective criterion, which dep
on the degree of uniformity within the block as well as the size of the block. We will r
to this criterion as splitting gain (SG).

We define the splitting gain in two different ways. In the first definition, we use
notion of the classification gain for a non-stationary source [4] and define the splitting
as follows:

SG= Npσ 2
p∏4

i=1(σ
2
i )1/4

, (1)

whereNp is the number of samples in the parent block andσ 2
p the sample variance of th

parent block. Theσ 2
i ’s in this equation represent the variances of the four blocks w

would be formed as a result of splitting the parent block. In subsequent sections, w
refer to this definition of the splitting gain as Definition A.

Looking at the problem from a slightly different perspective, we may also defin
splitting gain based on how well the energy of the sub-blocks is represented by their p
That is, if the energy (standard deviation) of all sub-blocks is similar to that of the pa
we may wish to leave that particular block unsplit. On the other hand if some subb
have energies which differ greatly from that of the parent block, we would wish to
the block. This definition is closer in line with that of conventional quadtree based i
coding. In this case, the splitting gain is defined as follows:

SG= Np

4

4∑
i=1

(σp − σi)
2. (2)

We will refer to this definition as Definition B.
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The algorithm for growing the quadtree is as follows:

1. Initialize the quadtree root to the entire image (or subband).
2. Split the root into 4 equal sized blocks.
3. Calculate the splitting gain (SG) for each block.
4. Split the block with the largest splitting gain into 4 blocks.
5. Calculate splitting gain for the new blocks.
6. Repeat from Step 4 until a maximum number of blocks is reached.

We should note that when quadtrees are utilized in a coder, the structure of the qu
needs to be made known to the decoder. Hence, the number of bits used to enc
quadtree can be important.

Once the quadtree has been generated using Definition A or Definition B, it is s
encoded using one bit for each node in the quadtree to indicate whether or not it ha
split.

Since our algorithm for generating the quadtree is based on successive splitting
blocks, it is appropriate to evaluate the length of the quadtree in terms of the num
block splits performed:

QuadtreeLength(bits)= 4Ns + 1, (3)

whereNs is the number of splits performed on the quadtree root.
In cases where a minimum block size has been set, the leaf nodes of that size w

require an additional bit since they are always left unsplit. Therefore Eq. (3) only se
upper limit on the number of bits required to encode the quadtree.

2.2. Using the quadtrees in a subband coder

So far we have explained how quadtrees can be generated in order to split an ima
blocks with uniform activity levels (as measured by variance or standard deviation)
we will take a look at how this concept can be utilized in a classification based su
coder.

The subband coder used in this work relies on a 22-band decomposition as used
which is shown in Fig. 1.

Joshi et al. [4] have experimented with a number of classification schemes. The
successful of these schemes is based on classifying equal-sized blocks (2× 2 for bands 0
to 6 and 4× 4 for bands 7 to 21) into one of four classes within each subband. Two
rithms named maximum classification gain and equal mean-normalized standard de
(EMNSD) are proposed for classification. They have shown that these algorithms pe
almost equally well and that they outperform the Chen–Smith [2] type of classifica
Unlike Chen–Smith classification, both of these algorithms result in classes with un
populations.

Joshi et al. [4] have also devised methods of reducing the classification inform
which needs to be sent along by exploiting various dependencies both between and
the classification maps of the subbands. However, despite the reductions, the class
information still comprises a large portion of the total bit-rate. With the use of the qua
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Fig. 1. 22-band subband decomposition.

structures described in the previous section, we aim to reduce this overhead thr
better, adaptive choice of block sizes.

The simplest method of utilizing the quadtrees in this scheme would be to gene
quadtree for each subband and then perform the classification accordingly. Howe
that case, the cost of encoding the quadtrees themselves can become prohibitive. A
quadtree (with around 400–500 blocks) used for a subband can contribute around 0.0
to the overall bit-rate for a 512×512 pixel image. Thus encoding 22 such quadtrees w
take up around 0.04 bpp which is quite expensive when the total bit budget is a
0.5 bpp or less.

The smallest four subbands (subbands 0–3) require at most 512 bits to classify the
4 classes of 2× 2 blocks. This is equivalent to a contribution of approximately 0.002
to the total bit-rate which is hardly worthwhile attempting to reduce. On the other h
the higher frequency subbands 10–21 usually contain very little energy and in our ra
target bit-rates are mostly quantized to zero. The subbands which interest us the m
subbands 4–9 where the majority of the classification information is required.

We examine 3 different methods for incorporating the quadtrees into the subband
sification:

• Method 1: Subbands 0–3 are divided into 2× 2 sample blocks and classified. A sing
quadtree is generated on the original (512×512) image, and scaled down appropriat
for use in subbands 4–21. The minimum block size in the quadtree is limited to 16×16
pixels which corresponds to 2× 2 samples in subbands 4–6 and 4× 4 samples in
subbands 7–21 after appropriate down-scaling.

• Method 2: A quadtree is designed for each of the subbands 4–9. Uniform sized
(2 × 2 samples) are used for subbands 0–3. Subbands 10–21 use the same q
as subbands 7,8, or 9 depending on their orientation. That is, the diagonal ba
(subbands 18 and 21) use the quadtree generated for subband 9. The vertica
(14,15,16,17, and 20) use the same quadtree as subband 8 and so on.
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Fig. 2. Quadtree generated using Method 1A and superimposed onto the Lena image.

• Method 3: A quadtree is designed for each of the subbands 4,5, and 6. Subband
0–3 are divided into 2× 2 blocks as before. Subbands 7–21 use scaled up versio
the quadtrees for subbands 4,5, or 6 depending on their orientation (determined a
Method 2).

Figure 2 is an example of a quadtree (of size 421 blocks) generated from the o
(512× 512) Lena image by Method 1 using Definition A of splitting gain. The quad
has been superimposed onto the original image to show where the splits have been

In the following sections, we provide a more detailed description of the subband
and compare the various methods of generating and using the quadtrees.

3. The subband coder

The subband coder used to demonstrate the quadtree based classification is very
to the coders used in [4] and [5]. The main difference between the two coders is the m
of classification used in the subbands. However, in the following sections we will b
examine the various components of the coder.
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3.1. Classification within subbands

Once the subbands are divided into blocks (using quadtrees or equal-sized bloc
blocks within each subband are classified into four classes. The classification alg
used is the equal mean-normalized standard deviation (EMNSD) classification as de
in [4].

EMNSD was initially designed for use with equal-sized blocks [8]. Unlike the Ch
Smith type of classification, it classifies blocks of samples into classes with unequal
lations. The classification is based on the values of block energies and is performed
each class contains blocks with similar statistical properties. Blocks are sorted accor
their gains (sample standard deviations) and the class boundaries are chosen such
mean-normalized standard deviations of the block gains in all classes are roughly s

Although the EMNSD classification scheme is based on a heuristic argument,
demonstrated excellent performance and has outperformed Chen–Smith classifica
all test cases. For a complete description of this algorithm, the reader is referred to

EMNSD was selected as the classification algorithm for use with quadtrees. The u
block sizes used in the quadtree based classification scheme do not pose a problem
EMNSD algorithm and it can be implemented without any alteration.

3.2. Characterization of the subbands

Once the 22-band subband decomposition has been applied (using suitable filte
samples within each higher frequency subband (HFS) are left largely uncorrelated. H
the samples within these bands can be efficiently treated as outputs of memory-less s
The samples in the lowest frequency subband (LFS) will still contain some small co
tion. However, due to the small size of the LFS, they can also be treated as the outp
memory-less source without significantly affecting the efficiency of the coder.

In the past, subbands were often modeled as realizations of either Gaussian or La
sources [6]. Although this provides a suitable description for the statistics of the su
samples, more recently, researchers have turned to the use of generalized Gaussi
distributions. GG distributions [7] are a family of exponential distributions which con
the Gaussian and Laplacian distributions as special cases. The use of these distr
enables more accurate modeling of the subbands. The generalized Gaussian dist
has been described in the following section.

3.2.1. The generalized Gaussian distribution
Generalized Gaussian distributions are a family of zero-mean, symmetrical distrib

functions which include the Gaussian and Laplacian distributions as special case
probability density function (pdf) of generalized Gaussian distribution is given as

p(x) =
[
νη(ν,σ )

2�(1/ν)

]
exp

(−[
η(ν,σ )|x|]ν), (4)

where

η(ν,σ ) = σ−1
[
�(3/ν)

]1/2

. (5)

�(1/ν)
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A generalized Gaussian distribution can be completely specified by its shape pa
ter ν and its standard deviationσ . The shape parameterν describes the exponential rate
decay for pdf which is equal to 1.0 for the Laplacian distribution and 2.0 for the Gau
distribution.

In order to model the classes within the subbands, we need to estimate these p
ters for each of the class. The maximum-likelihood estimation [13] of these parame
computationally very expensive. Mallat [11] has proposed several alternatives with
computational complexity.

In [5], Joshi et al. have provided a simple, yet effective method for estimating the
parameterν form the mean absolute value and the standard deviation of the class sa
Furthermore, it has been shown [4] that maximum-likelihood estimation does not pr
an advantage over this method (in terms of coding performance).

The value ofν is restricted to the set of values{0.5,0.6,0.7,0.8,0.9,1.0,2.0}. The
values 1.0 and 2.0 correspond to the Laplacian and Gaussian distributions, respec
Expanding the set of potential values does not result in any significant gain. It was
that after the EMNSD classification, the classes almost always demonstrated Lapla
Gaussian statistics. This tendency toward less peaked pdf’s (e.g., Laplacian and Ga
is a direct result of classification.

3.3. The quantizer

The quantizer used is the arithmetic and trellis coded quantizer (ACTCQ) des
in [5]. At the heart of the ACTCQ system, lies a scalar quantizer with uniform thresh
The codewords of the scalar quantizer are divided into 4 subsets which are paired to
to form two union subsets. Each state of the trellis is then labeled to correspond to
the two union codebooks.

The Viterbi algorithm [16] is then used to choose the trellis path which minimize
distance between the quantizer’s inputs and its outputs. An arithmetic coder is u
encode the trellis codewords. For a more detailed description of the ACTCQ system
to [5].

The ACTCQ system is very similar to the uniform threshold quantizer (UTQ) u
in [6]. However, the delayed decision encoding in ACTCQ provides additional gain si
to the “space packing” gain offered by vector quantizers.

ACTCQ and other similar quantizers, such as ECTCQ [12], have demonstrated
lent rate-distortion performance for the quantization of GG sources. The performa
these quantizers makes them ideal candidates for use in a subband coder. Operatio
distortion curves for generalized Gaussian sources with different shape parameters
case 0.5,0.6,0.7,0.8,0.9,1.0,2.0) are generated and stored for subsequent use by th
allocation algorithm.

The main parameter controlling the bit-rate of the ACTCQ for quantizing a parti
source is the step size of the scalar quantizer used. Hence, when generating th
distortion curves, the step size is varied to change the bit-rate. At the same time, th
size and its corresponding bit-rate are recorded in a lookup table for subsequent us
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3.4. Bit allocation

An optimal bit-allocation algorithm is used to allocate the bit-budget among the cl
in the different subbands. The bit allocation algorithm used in this work is that of West
et al. [3]. This algorithm is a greedy (gradient based) algorithm which traces the conve
of all points on the rate distortion curve of the subband coder; where each point corre
to a particular allocation of bits among the various sources.

The algorithm uses a previously known point (initially the point corresponding to 0
rate) on the convex hull to find the next point on the convex hull which correspond
higher bit-rate. The procedure continues until the desired bit-rate has been reached

3.5. Coding and side information

Once the bit-allocation is completed, the classification maps are encoded and
mitted to the decoder. As described in [4], a number of methods are used to redu
classification information. These methods can be summarized into the following 3 p

1. The classification maps of subbands where all classes are allocated zero bits, n
be transmitted.

2. If more than one class in a particular subband has been allocated zero bits the
classes can be combined together into one class.

3. The classification tables are entropy coded using conditional probabilities. The s
probabilities are conditioned on the classification maps of other subbands as wel
class index of adjacent blocks. In this fashion, interband and intraband depend
are exploited.

It should be noted that unlike the equal-block sized scheme, a particular block
neighbor more than one block to its immediate left. In these cases the larger neig
chosen as the preceding block to be used in generating the conditional probability
Also, if a block corresponds to an area occupied by more than one block in a pre
subband, the larger of the blocks is chosen for generating the conditional probabiliti

The conditional probability tables, the shape parameters of the classes, the vari
the classes assigned non-zero bit-rates and the step size of the quantizers being u
be sent along as side information. As found in [4], it was verified that this informa
contributes well under 0.01 bpp to the overall bit-rate.

The decoder must also be informed of the structure of the quadtrees being use
requirements for the encoding of the quadtrees have been outlined in Section 2.2. T
step in the coding procedure is encoding the classification maps of subbands. The
tional probability tables are used for entropy coding the classification maps of sub
which have at least one class with a non-zero bit-rate.

The final step in coding is the quantization of the subband samples. After the AC
has completed the quantization of all subband samples, the encoded file sizes are m
and used to determine the bit rate of the coder.
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4. Results

The subband coder described in the previous section is used to compare the perfo
of the various quadtree schemes described in Section 2 with the performance of the
using equal-sized blocks as in [4].

The filters used in the subband coder are Antonini et al.’s 7–9 tap perfect reconstr
filter pair [14] and Johnston’s 32D (32-tap) filter [15]. For target bit-rates below 0.3
the 7–9 tap filter pair provides better performance both in perceptual and PSNR
The short filter lengths result in less noticeable ringing around the edges at low bit
However, the 32-tap filter gives slightly better results at around 0.3 bpp and higher.
the subband filters are selected in each case depending on the target bit-rate.

Coding results at a bit-rate of 0.25 bpp for the Lena image (512× 512 pixels, 256 gray
levels) are listed in Table 1. The allocation of the bit-rate between the classificatio
quantization has been adjusted so that the overall bit rate is as close as possible
target bit-rate. Normally, this is not necessary; however, in this case, it is needed to
meaningful comparisons to be made among the various methods.

The columns in Table 1 correspond to the different methods of using the quadtre
Section 2.2), while the rows correspond to the definition of splitting gain (SG) used
generation of the quadtree (see Section 2.1). It is clear that Definition A of the splitting
produces better results regardless of the quadtree being used. This is not surprisin
this definition closely follows the concept of classification gain. It can also be observe
Method 3 of using the quadtree produces the best results. Method 3 is a good comp
between Method 1 (where one quadtree is generated for all subbands) and Method 2
a quadtree is generated for each of subbands 4,5,6,7,8, and 9).

Method 3A (quadtrees generated according to Method 3 and Definition A of the sp
gain) results in a PSNR improvement of almost 0.3 dB over the uniform block-size sc
of [4], which is a small but significant improvement. We should also note that in Metho
the classification overhead (including the quadtrees) amounted to slightly over 0.0
which is about half of that reported in [4]. This reduction in the classification informa
effectively leaves the quantizers with more available bits.

Figure 3 shows a comparison of coding results between Method 3A and using un
block sizes is in [4]. It is evident that as the bit-rate increases the improvement d
the use of quadtrees becomes less significant. At a bit-rate of 0.5 bpp, the advan
Method 3A over the uniform block sized scheme is around 0.08 dB which is almo
significant (37.96 dB PSNR for Method 3A compared to 37.88 dB [4] for uniform b
sizes). At this bit-rate other quadtree based methods demonstrate almost no advant
the equal block-sized scheme. The classification overhead for Method 3A at 0.5

Table 1
PSNR (dB) for various methods of encoding Lena at 0.25 bpp

Method 1 Method 2 Method 3

SG Definition A 34.46 34.53 34.61
SG Definition B 34.31 34.38 34.44

Uniform sizes 34.32
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Fig. 3. PSNR comparison of Method 3A and the uniform block-sized scheme [4].

0.042 bpp which is 0.01 bpp less than the overheads for equal sized blocks. At bi
above 0.5 bpp the gain due to quadtrees continues to diminish as the classification
mation comprises an increasingly smaller portion of the total bit-rate. Table 2 prov
comparison of the PSNR performance of the Method 3A with some other recently d
oped coders for the Lena image.

The quadtree based scheme was also tested on the Barbara image (512×512 pixels, 256
gray levels) for comparison. The gain due to the use of quadtrees for this image is sim
that obtained for Lena. Method 3A demonstrated a gain of 0.21 dB over the uniform
sized scheme at 0.25 bpp (29.73 dB for Method 3A compared to 29.52 dB using un
block sizes). As the bit rate increases the advantage of quadtrees becomes less si
(33.94 dB for Method 3A compared to 33.89 dB for uniform block sizes). Table 3 con
a performance comparison of Method 3A with some recent coders. It should be not
the results in these tables are taken from the original papers. In most cases, vary

Table 2
PSNR comparison for encoding Lena (512× 512) at 0.25 bpp and 0.5 bpp

Coding method 0.25 bpp 0.5 bp

Method 3A (quadtrees) 34.61 37.9
Subband classification [4] 34.29 37.8
Space-freq. quant. [19] 34.33 37.3
Said and Pearlman [18] 34.11 37.2
Embedded zerotrees [17] 33.17 36.2
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Table 3
PSNR comparison for encoding Barbara (512× 512) at 0.25 bpp and 0.5 bpp

Coding method 0.25 bpp 0.5 bp

Method 3A (quadtrees) 29.73 33.8
Space-freq. quant. [19] 28.29 32.1
Said and Pearlman [18] 27.40 31.2
Embedded zerotrees [17] 26.77 30.5

filters or the decomposition scheme can result in a PSNR improvement over the
quoted in the original papers.

5. Discussion and conclusion

In this paper, we demonstrated the use of a quadtree based classification schem
subband coder. We have experimented with a number of different methods for the
ation of quadtrees and incorporated them into a subband coder. It has been sho
Definition A of the splitting gain is an appropriate measure for use in generatin
quadtree.

It has also been shown that Method 3 of using the quadtrees in the subband cod
vides a good compromise between adaptivity of the quadtrees and the amount of in
tion used in encoding individual quadtrees. The combination of Method 3 and Definit
of the splitting gain (referred to as Method 3A) results in an improvement of almost 0
PSNR over the uniform block based method of [4] at bit rates around 0.25 bpp.

This improvement is due to the reduction of the classification information which n
to be transmitted. For bit-rates below 0.3 bpp, this reduction ensures that a larger p
of the total bit budget is made available to the quantizers. As a result, improvement is
noticeable in the quality of the coded image at these low bit-rates.

As the bit rate increases beyond 0.3 bpp, the gain due to the use of quadtrees b
less significant. It is no longer noticeable at 0.5 bpp and beyond. This is due to the fa
the classification information comprises a smaller portion of the bit budget and, henc
a smaller effect on the overall performance of the coder.

Other than subband classification, another group of subband coders which have d
strated excellent results recently are coders which rely on the use of “zerotrees” [1
In [19], Xiang et al. discuss the parallels between zerotrees and classification. Zerotr
be viewed as a simple classification into two classes: zerotrees and quantized coeffi

Xiang et al. [19] have developed an algorithm which jointly optimizes the quantiz
and classification (referred to as space-frequency quantization). Using a simple c
cation (only 2 classes) and a simple scalar quantizer, they have been able to ma
results obtained using subband classification (uniform blocks) and ACTCQ at a bit-r
0.25 bpp.

This can be interpreted as an indication that in the uniform block-sized subband
sification scheme, too large a portion of the bit-budget is being spent on classifi
information at low bit-rates. In quadtree based classification, this overhead is succe
reduced. The advantage of the quadtree based classification and ACTCQ over th
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proposed by Xiong et al. [19] can be attributed to the use of more than 2 classes
better quantizer. At higher bit-rates the coder using uniform block sizes (as in [4]) co
erably outperforms the coder proposed by [19]. This can be taken as an indication t
amount of classification overhead is more appropriate with respect to the target b
Again, the use of more than 2 classes (zerotree and quantized) and ACTCQ are resp
for the advantage.
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