DIGTTAL SIGNAL PROCESSING 57
Vo Cappelling and AL Constantinides feds.y
@ Elsevier Science Publishers BV iNonh-Eollind), 1987

RECONSTRUCTION OF MINIMUM-PHASE STGNAL WITH MISSING DATA POINTS

K.X.

PALIWAL

Computer Systems and Communications Group
Tata Institute of Fundamantal Research

Homl Bhapha Reoad,

Bombhay 44 2d5, India

Abstract: In many ovractical situations, the data available for

analysis is incomplete due

to missing data points. Thesre

situations arise either due to malfunctioning of hardware or duc
to the presence of exrcessive noise at some of the data points. In
such situations, it is desirable to reconstruct the ariginal

sianal from the incaomnlete

preblem of interpolation of the

signal. In the present paper, the
tncomplete minimum-shase signal

is considered and an iterative algeorithm is nroposed for this

purpose, The i1terative algorithm

minimum=-phasc signal that its
sequence and, hence, can he

is based on the property of the
complex cepstruam 1s a causal real
computed from 1ts even part. The

algorithm is applied te a number of sicnals and results are

discussed.

1. Introduction

In many practical situations, the
data available for analvsis is
incomplete due to missing data points.
These situations arise either due to
malfunctioning 0f hardware or due to
the presencec of exessive noise at some
of the data points where these noisy
data pmoints are deliberately discarded.
In such situations, it is desirable to
reconstruct the original signa! from
the inccmplete signal.

Two types of situations arise in
practice. In the first tyne cf
practical situations, a block of data
is missing due *oo malfunctioning of
hardware or presence ol excessive
nocise. Reconstruction of the siqnals in
these situations has heen termed in the
literature as the 'siagnal
extrapoclation' problem ard a number of
methods have been reported to solve
this problem [1-5,161.

In the second type of practical
situations, locations of missing data
potnts in a finite duration data record
are randam. This means that data
available for processing can he
considered as unevenly sampled sianal.
Reconstruction of the signals in these

situations has bsen referred in the
literature as Yohie 'signal
interpolatian’ oroblemr and a number of
studies have been reported recent'vy in
the literature on this nproblem [6;9].
The Gerschberg-Papoul is alqgorithm which
has been originally proposed for the
signal extrapclaticon probolem [1-5] has
been applied tie the signal
interpolatiocn wreblem for the band-
limited sionals by a nurber of authors
f6-91. HWNutall [18] has used linear
prediction techniques to compute the
autoregressive (AR) parameters ‘rom the
incomplete AR signal and has
accompl ished signal interpolation using
these paramcters.

In the present paper, we are
interested in the signal! interpolation
problem. Signal interpol!ation requires
the use of some a priori informaticn
abnut the signal. For exarple, the
linear prediction method of Nutall (1]
uges the a prioril information that the
signal is generated as the ovtput of
the AR system. The Cerschherg-Panculis
algorithm {6-9] uses the a Rriocri
information that the signal is band-
limited spectrally. Interpeoiation
efficiency of an algorithm depends on
the a pricri information it uses.

In the present naver, we propose
an algorithm which assumes the signal
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to be of minimumr phase. Like the
Gerschberg-Papoulis algorithm, the
present zalaorithm is also iterative in
nature. It is hased aon the propberty of
the minimum-phase signal that 1ts
complax censtruam is a causa! real
scquense and, hence, ¢an be computed
from its ewven part [11].

The paper 1s arganized as fol lows,
Sectiocn 2 describes owriefly some
relevant nronerties of the minimum-
vhase signal. The minimum-phase siqanal
internolation algorithm is described in
Saction 3. Results are presented in
Section 4 and fection 5 descrihes
conclusions,

2. Some properties of the minimum-
phase signal

In this sectian, we describe some
of the relevant proprties of the
minimum~nhase signals. More detailed
description about the minimum-phased
signals may be found elsewhere [11-13].

Let {v(n)! be a real-valucd signal
and {vi{n)} he its complex cepstrum.
[Mate that the complex cepstrum of a
raal-valued signal 15 a real-valued
sequanca.] The signal and its complex
censtrum are related through thelr z2-
transfaorms as fol lows:

)
Vizl = log Viz).

The even- and odd-parts of the
complex capstrum can be corputed by
takina the inverse discrete Fourier
transfcrm {IOFT) of the lag-magni+tude
and vnhase of Viz) as follows:

FeY
S o o ] TI')I-‘T[‘.()(”V[Z]:!],
and

v_(ny = TDET[9Arg{vizl}].

[f the signal {w{m}} iz a minimum-
phase signal, then it has heen shown
[1d] that its complex ceopstrum is a
causal sequence. This pronerty cnables
the comnplex cepstrum to be computed
from its even-part as (ol lows:

~ [ B

52 L0 I Upin), far n=@,
ESan], for n>@,
a, for n<@.

These eauations ¢an bHe used to
recaonstruct the minimum-phase sianal
when anly the magnitude spectrum of the

signal is available.

Because of the rausal-complex-
cepstrum preoperty of the minimum-phase
signal, the odd-part of the complex
cepstrim can be computed from the even-
part as fol lows:

Go{nl = g, for n=#,
el
veind, for n>@,
~
-ve(n), far n<@.

The discrete Fourier transform (DFT) of
the odd-part of the complex cepstrum
can be used to obtain the unwrapped
phase spectrum of the minimum-phase
signal [114].

3. Minimum-phase signal interpolation
algorithm

In this sectieon, we describe the
signal intecrpolation algorithm fer
reconstructing the minimum-phase signal
from the incomplete signal with missing
data points,

et fwim),n=0,1.....N~1l}) bHe thHa
criginal minimum-phase signal. The
lobserved] incomplete signal with
missing data points can be written as

¥vint = xinidln), n=0,1,...,N-1,

where {d(n}} is the random sequence of
@'s and 1l's,

Tho aim here is to reconstruct the
minimum-phase siqgnal from the cobserved
incomplete signal {y(n}} such that the
recanstructed signal is as close to the
criginal signal {xfn}}l as possible,
This is achieved here by using the
fcllowing iterative algorithm:

{1} Initialize
sSglnt = yin), n=0,1,,..,,8-1,
and set j=1.

12) Compute the discrete fourier
transform {DFT) of the signal
{z;_1tny}:

§tel¥} = pPTis,_;(m)}.

{3) Compute the even part of the
complex cepstrum as follows:

(n)} = IDE'T[log|S(ej'ﬂ') “
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{4} For the minimum-phase siqnal, the
compleXx cepstrum is a causal
sequence. Therefore, it can be
obtained from its even part as

ftaollows:

cin} = reginl, n=#,N/2,
2c_(n), Gin<m/2,
#, N/2<n<N-1,

{5) Compute the minimum-phase signal
{8(n)} from its complex cepstrum
as fol lows:

{8(n)} = IDFT[exp(DFTi{c(ni}]]

{6] Compute the interpolated sigmal! as
follows:

s.(n) = (l-dmNSin)+yin),
n=@,Ll,...,H8-1.

(73 If the difference,
M-l 2
D %D[si(n) s;.q1n} 1%,
is less than a certain threshold,
then stop the iteration process,
Otherwise replace i by i+l and go
to step (2}.

4, Simulation results

We have tried out the present
signal interpclation algerithm on a
number of minimum-phase signals to
restore their missing data peints. The
results are found to bhe encouraging on
some signals,

For i1llustra*ion, we consider here
a minimum-phase signal with N=7 data
points. This signal corresponds to a
moving-average (MA) signal. The 7 data
points of the signal are: 1.9, -0.62880,
1.5387, -9.3%56, 1.4772, -¢¥.54%4, and
B.8681. We consider here the case when
I2% of the data points are missinag,

The iterative algorithm is applied
on this example and the reconstruction
accuracy is measured in terms of the
root-mean-sgquare error between the
reconstructed sequence {s.(n)}l and the
original seduence {x[n}f. The root-
mean-sguare error is studied as a
functicn of number cof iteratiocns for
different values of DFT length M (>N},
This is shown in Fig. 1. We sce from
this figure that the rosct-mean-square
error decreases With successive

iterations and convergence is reached
within 8 to 1@ iterations. Alsa, the
root-mean-square error is gquite high
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Fig. i. Root-mean-square reconstruction
error as a functien of number of
iterations (showing the convergence
behaviour of the algorithm).

for M=16. This hanpens due to aliasing
in the cepstrum domain. whan the ZFT
lengtn ™ is increased to 32, the rogt-
mean-sguare error reduces siaonificantly
due to reduction 1n aliasing effecrss
with increase in M,

We have also tried the sicnal
interpotation algorithm for restoring
the missing data 20ints of the minimumr-
phase AR signals, However, results far
AR signals are not focund to be
encouracing. As meonticned carlier, the
interpolation efficiency af a giwven
‘algeorithm depends ©on the tvpe of a
nriori information used hy the
algorithm. The present algorithm uses
only the minimumn-phase property of the
signal. Since the nresent algocrithm
does not work satisfacteocrily far the
mipnimum—-phasce AR sienals, it means that
the minimum-phase information does not
provide strong enough constraint for
interpolation. The dinterpolation
efficiency of the present algerithm can
be improved further if other a priori
information (such as AR modeling
property or band-limited property) can
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be incorporated along with the minimum-
phase property. This will he studied in
future,

5. Conclusion

In this paper, an
alaarithm far the
minimum=-nhase

interpaolation

raconstruction of
si1gnal from the
‘nccmplete signal with missing data
points is nroposed. The algorithm is
iterative in nature and uses the
minimum-phase property of the signal.
This property states that the complex
capstrum of the mininum-phase signal is
a rea! causal sequence. This al lows the
computation of complex cepstrum from
its even-part which ¢an he obtained
from the magnitude spectrum of the
signal.,

For the minimum-phase MA signais,
the iterative algorithm is shown to
Tonverge im oa relatively small number
of iterations. The root-mean-square
error in restoring the missing data
points of the signal is also found to
e gquite small. Howewver, the
performance of the algorithm is not
found o he satisfactory for the
minimum-phase AR signa’ls,
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