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1. INTRODUCTION 

In the past few years, a great deal of research has 
been directed toward finding acoustic features that 
are effective for automatic speech recognition. Until 
recently, most of the speech recognizers used about 12 
cepstral coefficients derived through the linear pre- 
diction analysis as recognition features [ 11. In [2,3], 
Furui investigated the use of temporal derivatives of 
cepstral coefficients and energy as recognition fea- 
tures in a dynamic time warping-based isolated word 
recognizer and showed how the recognition perfor- 
mance improves with the inclusion of first derivatives 
in the feature set. These results were later confirmed 
in a number of studies for more general tasks (such as 
speaker-independent connected digit recognition and 
large-vocabulary continuous speech recognition) us- 
ing the hidden Markov model (HMM)-based speech 
recognizers [4-61. More recently, some studies which 
advocate the use of second (and higher)-order tem- 
poral derivatives of cepstral coefficients for speech 
recognition have been reported [ 7-91. These temporal 
derivatives have also been found useful as recognition 
features for speaker recognition [lo-121. As a result, 
most of the present-day speech recognizers use a 
larger feature set for enhancing the speech recogni- 
tion performance [13-X]. This feature set usually 
consists of cepstral coefficients and energy, and their 
derivatives. 

Though the addition of new features has improved 
the speech recognition performance, it has created 
some problems, too. For example, the recognizer us- 
ing a larger (or, enhanced) feature set is computation- 
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ally more complex and requires more storage which 
makes its real-time implementation more difficult 
and costly. In addition, a large amount of data is 
needed for training the recognizer if the size of the 
feature set is increased [16]. In order to avoid these 
problems, we try in this paper to reduce the dimen- 
sionality of the enhanced feature set without affecting 
the recognition performance. For this, we study a 
number of dimensionality reduction methods. The 
speech recognizer employed in this study uses contin- 
uous density HMMs with Gaussian mixture densities, 
where the covariance matrices are assumed to be diag- 
onal. The recognizer is applied here to a multispeaker 
isolated word recognition task. The problem of dimen- 
sionality reduction is studied here specifically for the 
enhanced feature set used with the speech recognition 
systems at the AT&T Bell Laboratories [ 13,141. This 
feature set consists of the following 38 features: 12 
cepstral coefficients and 12 first derivatives and 12 
second derivatives of these coefficients (known as the 
delta cepstrum and delta-delta cepstrum coefficients, 
respectively), and the first derivative and the second 
derivative of energy (known as the delta energy and 
delta-delta energy, respectively). Thus, we have here 
a D-dimensional feature space where D = 38, and our 
aim is to reduce the dimensionality of this feature 
space to d (-CD) without sacrificing in terms of recog- 
nition performance. 

There are a number of methods reported in the pat- 
tern recognition literature for reducing the dimension- 
ality of a feature space [17]. Though some of these 
methods have been studied exhaustively in the past 
for the speaker recognition application [18-241, they 
have been applied to speech recognition only very re- 
cently by a few researchers [25-291. In the present 
paper, we study four different dimensionality reduc- 
tion methods for speech recognition. The first two 
methods select the features from the original set by 
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using the F-ratio (i.e., the ratio of between-class and 
within-class variances) and the recognition rate on 
training data for rank-ordering the individual fea- 
tures. The last two methods are based on the linear 
discriminant analysis and the principal component 
analysis. We show in this paper that it is possible to 
reduce the dimensionality of the 38-dimensional fea- 
ture space to 20 without losing in terms of recognition 
performance. 

The paper is organized as follows. In Section 2, dif- 
ferent dimensionality reduction methods used in this 
paper are described. The speech recognition system is 
described in Section 3. This includes the computation 
of recognition features from the speech signal, charac- 
terization of HMMs, estimation of HMM parameters 
from the training data, and recognition of the input 
speech utterance using this recognizer. Recognition 
experiments are conducted to evaluate different di- 
mensionality reduction methods. These recognition 
experiments and their results are described in Section 
4. In Section 5, these results are discussed. In Section 
6, conclusions are reported. 

2. DIMENSIONALITY REDUCTION METHODS 

A number of methods are reported in the pattern 
recognition literature for reducing the dimensionality 
of a feature space [ 171. These methods can be grouped 
into two categories: feature selection methods and 
feature extraction methods. The feature selection 
methods (also known as “subsetting” methods [21]) 
reduce dimensionality by selecting a subset of the orig- 
inal feature set. The feature extraction methods (also 
known as the “transformation” methods) are more 
general in the sense that they reduce the dimensional- 
ity by projecting the original D-dimensional feature 
space on a d-dimensional subspace (where d < D) 
through a transformation. Note that each feature in 
the reduced feature set is a part of the original feature 
set when the feature selection methods are used for 
dimensionality reduction. On the contrary, when the 
feature extraction methods are used for dimensional- 
ity reduction, each feature in the reduced feature set is 
a combination of all the features in the original fea- 
ture set. Thus, the feature selection methods reduce 
the computational complexity by not computing 
those features which are not in the reduced feature 
set, while this is not possible with the feature extrac- 
tion methods where all the D features have to be com- 
puted before the dimensionality reduction is per- 
formed through transformation. 

In the feature selection methods, selection of fea- 
tures is done by devising a figure of merit which re- 
flects the goodness of an individual feature in the rec- 

ognition task. Once the figure of merit is chosen, it is 
used for rank-ordering D features of the original set. 
Top d (CD) features are selected from the rank-or- 
dered list. Note that this procedure finds only the 
subset of d individually best features. This subset is, 
in general, not the same as the best subset of d fea- 
tures. In order to find the best subset, one has to in- 
spect all possible subsets, which is computationally 
very expensive and has not been done in this paper. 

Efficiency of a feature selection method depends on 
how good is the figure of merit in reflecting the effec- 
tiveness of individual features. A number of figures of 
merit have been reported in the literature for feature 
selection purposes [ 171. Some of these figures of merit 
are F-ratio (ratio of between-class and within-class 
variances), Mahalanobis distance, Bhattacharya dis- 
tance, Matusita distance, Patrick-Fisher distance, 
divergence measure, mutual information measure, 
and entropy measure. We use in this paper two fea- 
ture selection methods. The first method uses the F- 
ratio as the figure of merit for feature selection. Since 
the goal of a pattern recognizer is to recognize the 
input patterns correctly, the relative merit of a fea- 
ture should be judged by its contribution to recogni- 
tion performance. Therefore, we use in the second 
method the recognition rate on training data as the 
figure of merit for feature selection. 

As mentioned earlier, the feature extraction meth- 
ods reduce dimensionality by projecting the original 
feature space on a smaller subspace through a trans- 
formation Though this transformation can be linear 
or nonlinear, we use in this paper only linear trans- 
formations. A number of transformations are re- 
ported in the literature for feature extraction pur- 
poses [17]. We use here two linear transformations 
derived through the linear discriminant and the prin- 
cipal component analyses for feature extraction. 

Thus, in this paper, we study four methods for re- 
ducing the dimensionality of the feature space. The 
first two of them are the feature selection methods 
using the F-ratio and the recognition rate on training 
data as figures of merit. The last two are the feature 
extraction methods using the linear discriminant and 
the principal component analyses for transforming 
the input pattern from the original feature space to a 
lower dimensional space. These methods are de- 
scribed below. 

2.1. Method 1: Feature Selection Using the 
F-Ratio as the Figure of Merit 
The F-ratio has been widely used as the figure of 

merit for feature selection in speaker recognition ap- 
plications [ 18-221. It is defined as the ratio of the be- 
tween-class variance and the within-class variance. 
In statistical literature [30], this ratio is commonly 



used as a statistic in the analysis of variance for deter- 
mining whether or not significant differences exist 
among the means of several groups of observations, 
where each group follows a Gaussian distribution. In 
the context of feature selection for pattern classifica- 
tion, it tries to select the feature which maximizes the 
separation between different classes and minimizes 
the scatter within the classes. 

When the F-ratio is used as figure of merit for di- 
mensionality reduction, the following assumptions 
have to be satisfied: (1) The feature vectors (or, pat- 
terns) within each class must have Gaussian distribu- 
tion, (2) the features should be statistically uncorre- 
lated, and (3) the variances within each class must be 
equal. Since the variances within each class are gener- 
ally not equal, the pooled within-class variance is used 
to define the F-ratio. If the number of training pat- 
terns in each of the K classes is assumed to be the 
same (=N),l the F-ratio for the ith feature is defined 
as 

Fi+ 
L 

(1) 

where Bi is the between-class variance and Wi the 
pooled within-class variance. These variances are 
given by 

Bi = k g (Pik - Pi)‘, 
k 1 

wi = $ g Wik, 
k 1 

(3) 

where pik and Wi, are, respectively, the mean and vari- 
ance of the ith feature for the kth class, and I*i is the 
overall mean of the ith feature. These are given by 

&k = i t xikn, 
n-1 

(4) 

wik = j$ $ (Xikn - pik)‘, 
n-1 

(5) 

pi = $ 5 pik, 
k-l 

(6) 

where xikn is the ith feature of the nth training pattern 
from the kth class. 

* Note that this assumption is made here for simplifying the pre- 
sentation. It can be easily extended to an unequal number of train- 
ing patterns in different classes. 

2.2. Method 2: Feature Selection Using 
Recognition Rate on Training Data as 
the Figure of Merit 
As mentioned earlier, the goal of a pattern recog- 

nizer is to recognize the unknown pattern correctly. 
This means that the relative merit of a feature should 
be judged by its contribution to the recognition perfor- 
mance. In order to accomplish it, we use the recogni- 
tion rate on the training data as the figure of merit. 
Here, each feature is used individually to recognize all 
the patterns in the training set using the pattern rec- 
ognizer under study and the recognition rate is com- 
puted for each of the D features in the original space. 
The D features are rank-ordered using this recogni- 
tion rate as the figure of merit, and top d (-CD) fea- 
tures are selected. 

It is clear that the d features selected by this 
method depend on the pattern recognizer used for 
computing the recognition rate on the training data. 
Therefore, these d features will be relevant only for 
this pattern recognizer. However, this method has the 
advantage that it makes fewer assumptions than the 
F-ratio-based method. It makes the assumption that 
the features are statistically uncorrelated, but the 
other assumptions, that the within-class distribu- 
tions are Gaussian and the within-class variances are 
equal, are not needed. 

2.3. Method 3: Feature Extraction Using Linear 
Discriminant Analysis 
In this method, dimensionality reduction is accom- 

plished by projecting the original D-dimensional 
space on a d-dimensional subspace (where d < D) and 
finding a linear transformation that defines this sub- 
space using the linear discriminant analysis. The lin- 
ear transformation is computed here in such a way 
that it maximizes the F-ratio of the training data in 
the transformed subspace. Thus, linear discriminant 
analysis can be considered to be a generalization of 
the F-ratio-based method. Here, the assumption re- 
garding the independence of features is not needed. 
However, two other assumptions are still made; 
namely, the within-class distributions are Gaussian, 
and the within-class covariance matrices are equal. 
Linear discriminant analysis has been applied in the 
past to reduce the dimensionality of a feature set 
for speaker and speech recognition applications 
[20,21,23,25-271. 

In linear discriminant analysis, the linear transfor- 
mation is defined in terms of a rank-ordered set of 
linearly independent vectors, uir i = 1, . . . , d. The 
first of these vectors, u,, is the direction in the origi- 
nal D-dimensional feature space which, when the 
training patterns are projected onto it, produces the 



maximum value of the F-ratio (i.e., the ratio of be- 
tween-class and within-class variances). The second 
vector u2 is chosen such that it is linearly independent 
to u, and produces the next largest F-ratio. This pro- 
cess is repeated until all the d linearly independent 
vectors, ui, i = 1, . . . , d, are found. It can be shown 
[30] that these vectors can be computed as the d ei- 
genvectors corresponding to d largest eigenvalues of 
the matrix W-‘B, where B is the between-class covari- 
ante matrix and W the pooled within-class covariance 
matrix. These matrices are symmetric and can be 
computed from the training data as 

(7) 

w = ; g w,, 
k-l 

(8) 

where pk and W, are the mean vector and covariance 
matrix of the kth class, respectively, and ~1 is the over- 
all mean. These are given by 

1 N 
pk = E c Xkn, 

n-1 
(9) 

wk = +r i$ tXkn - pk)(Xkn - pkJt, (10) 

(11) 

where xkn is the nth training pattern from the kth 
class.2 

Thus, in linear discriminant analysis, the linear 
transformation is given by the matrix Ut, where U is a 
D X d matrix whose columns are the eigenvectors 
corresponding to the d largest eigenvalues of the ma- 
trix W-‘B. It can be shown [23] that the matrix U is 
given by 

u = CL497 (12) 

where C is an unitary matrix diagonalizing the 
within-class matrix W to a diagonal matrix L, i.e., 
CWC = L, and V is an unitary matrix whose columns 
are chosen to be the eigenvectors corresponding to the 
d largest eigenvalues of the symmetric matrix S = 
L-1’2CtBCL-1’2. From Eq. (12), it is clear that when d = 
D, i.e., no dimensionality reduction is performed, the 
linear transformation computed through linear dis- 

’ Note that the number of training patterns in each of the K 
classes is assumed to be the same (=N) for simplifying the presen- 
tation. It can be easily extended to an unequal number of training 
patterns in different classes. 

criminant analysis is equivalent to a rotation, fol- 
lowed by scaling and then followed by another rota- 
tion. Using this property, it is easy to show that the 
Mahalanobis distance [ 171 remains invariant under 
this transformation, but the Euclidean distance does 
not remain invariant under this transformation. 

2.4. Method 4: Feature Extraction Using 
Principal Component Analysis 
In this method, dimensionality reduction is 

achieved by projecting the original D-dimensional 
feature space on a d-dimensional subspace and tind- 
ing the orientation of the subspace which best pre- 
serves the information available in the original space 
using the principal component analysis. This method 
has been used in the past to reduce the dimensionality 
of the feature space for speech and speaker recogni- 
tion applications [23,29]. Here, the input pattern in 
the original D-dimensional feature space is trans- 
formed to the Karhunen-Loeve (KL) coordinate sys- 
tem and dimensionality is reduced by representing 
the pattern by d coordinates in the KL coordinate 
system. The KL coordinate system represents opti- 
mally (in a minimum mean square error sense) a set of 
D-dimensional patterns (or, vectors) by another set of 
vectors of a lower dimensionality. 

In order to derive the KL transformation, consider 
all the D-dimensional patterns (or, vectors), xkn, k = 
1 ,*. .7 K,n= 1,. . . , N, in the training set. The 
aim in principal component analysis is to approxi- 
mate each D-dimensional vector xkn by a d-dimen- 
sional vector ykn (where d < D) such that the mean 
square error, 

E = kN ;: t (Xkn - UYk,,)t(Xkn - Uyk,,), (13) 
k-l n-l 

is minimized. Here, U is a D X d matrix. It can be 
shown [30] that E is minimum if the columns of ma- 
trix U are chosen to be the eigenvectors correspond- 
ing to the d largest eigenvalues of the total covariance 
matrix T. This matrix is defined as 

T = j& ;: ri$ (Xkn - dtXk,, - d”, 
k-l n-l 

(14) 

where P is the overall mean given by 

1 K N 

(15) 

Thus, in principal component analysis, the linear 
transformation is given by the matrix Vt, where U is a 
D X d unitary matrix whose columns are the eigen- 



vectors corresponding to the d largest eigenvalues of 
the total covariance matrix T. When no dimensional- 
ity reduction is performed (i.e., d = D), this transfor- 
mation amounts to a rotation in the feature space. 
This means that in this case the Mahalanobis dis- 
tance and the Euclidean distance remain invariant 
under this transformation. 

Note that, in this method, the information avail- 
able in the training data about the class labels of the 
training patterns is totally ignored in the computa- 
tion of the total covariance matrix T (see Eq. (14)). 
Also, this method neither maximizes the between- 
class separation nor minimizes the within-class scat- 
ter. It only minimizes the mean square error in ap- 
proximating the set of training vectors by another set 
of vectors of a lower dimensionality. However, it can 
be shown [17] that the total covariance matrix is a 
sum of the between-class and the within-class covari- 
ante matrices. Usually the total covariance matrix is 
dominated by the between-class covariance matrix; 
i.e., the variance in the training data is due mainly to 
separation between the classes. In such cases, the KL 
transform preserves most of the class separation. But, 
it is not always guaranteed. 

3. THE HMM-BASED ISOLATED WORD 
RECOGNIZER 

In this section, we provide a brief overview of the 
basic recognition system which is used for evaluating 
the dimensionality reduction methods. This system 
uses continuous density HMMs with Gaussian mix- 
ture densities, where the covariance matrices are as- 
sumed to be diagonal. The system uses the following 
38 recognition features: 12 cepstral coefficients, 12 
delta cepstral coefficients, 12 delta-delta cepstral coef- 
ficients, 1 delta energy, and 1 delta-delta energy. 
These features are used in the current speech recogni- 
tion systems at the AT&T Bell Laboratories [13,14]. 
The key elements of the HMM-based isolated word 
recognition system are described in the following sub- 
sections. 

3.1. Computation of Recognition Features 
As mentioned earlier, the recognizer uses a set of 38 

features for speech recognition. These features in- 
clude 12 cepstral coefficients, 12 delta cepstral coeffi- 
cients, 12 delta-delta cepstral coefficients, 1 delta en- 
ergy, and 1 delta-delta energy. Linear predictive cod- 
ing (LPC) analysis is used here to compute the 
cepstral features. The processing steps for computing 
the 38 recognition features from the speech signal are 
briefly described below. (For more details, see [4,13].) 

1. Preemphasis: The speech signal (digitized at 
6.67 kHz sampling rate) is preemphasized using a sim- 
ple first-order finite impulse response digital filter, 
whose transfer function is defined by H(z) = 1 - (YZ-‘, 
where (Y is the preemphasis factor. (We use (Y = 0.95 in 
our implementation.) 

2. Blocking into frames: The preemphasized 
speech signal is analyzed framewise, where each 
frame consists of N, consecutive speech samples. The 
successive frames are separated by N, samples. (In 
our implementation, N, corresponds to 45 ms of the 
signal, and N, to 15 ms.) 

3. LPC analysis: A @h-order LPC analysis is per- 
formed for each frame. Prior to LPC analysis, N, 
samples of the preemphasized speech signal are 
weighted by a Hamming window function to avoid 
spectral leakage [31]. The first p + 1 autocorrelation 
coefficients are computed from the windowed speech 
signal and are used to compute the p LPC coefficients 
using the Levinson-Durbin recursion method [31]. 
(We use p = 8 in our implementation.) 

4. Computation of cepstral coefficients: From thep 
LPC coefficients, Q cepstral coefficients (where Q > 
p) are computed through a recursion relation [ 311. (In 
our implementation, we use Q = 12.) These Q cepstral 
coefficients are weighted by the cepstral window (or, 
lifter) [32] as 

C,(m)=[l+~sin(~)]c,(m), l<mlQ, (16) 

where c,(m) is the mth cepstral coefficient of the tth 
frame and C,(m) is its weighted version. These Q 
weighted cepstral coefficients are used in the feature 
set for recognition. In the sequel, we will be referring 
to the weighted cepstral coefficients simply as the 
cepstral coefficients. 

5. Computation of delta cepstral coefficients: The 
delta cepstral coefficients (or, the first temporal deriv- 
atives of the cepstral coefficients) have been com- 
puted in the past either through regression [2,4] or as 
simple differences [5,7]. Here, we use the regression 
implementation for computing these derivatives. In 
the regression implementation, a sequence of each of 
the Q cepstral coefficients (over a finite window of 
(2K + 1) frames and centered on the current frame) is 
approximated by a first-order orthogonal polynomial 
and the derivative is computed as 

DC,(m) = G, l$ &+,h), 1 I m I Q, (17) 
k=-K 

where DC,(m) is the mth delta cepstral coefficient of 
the tih frame, and G, is the gain term which is chosen 

ml 



such that variances of (C,(m)} and {DC,(m)} are 
equal. (We use K = 2 and G, = 0.375 in our implemen- 
tation.) 

6. Computation of delta-delta cepstral coefficients: 
The delta-delta cepstral coefficients (or, the second- 
order temporal derivatives of the cepstral coefli- 
cients) are computed from the delta cepstral coeffi- 
cients by simple differencing as 

1 I m I Q, (18) 

where DDC,(m) is the mth delta-delta cepstral coeffi- 
cient of the tih frame, and G, is the gain term deter- 
mined from variance considerations [ 131. (We use G, 
= 0.375 in our implementation.) 

7. Computation of delta energy: Energy of each 
frame has already been computed as the zeroth auto- 
correlation coefficient in step 3. We convert this en- 
ergy in decibel scale and compute the delta energy by 
computing the first derivative through regression im- 
plementation as 

DE, = Gs 2 k&k, 
k=-2 

(19) 

where E, is the energy of the tth frame in decibels and 
DE, is the corresponding delta energy. Here G, is the 
gain term determined from variance considerations 
[13]. (We use G3 = 0.0375 in our implementation.) 

8. Computation of delta-delta energy: The delta- 
delta energy is computed from the delta energy using 
the differencing method as 

DDE, = G,[DE,+, - DE,-,], (20) 

where G, is the gain term determined from variance 
considerations [13]. (We use G, = 0.375 in our imple- 
mentation.) 

Thus, the feature computation procedure outlined 
above represents each frame of the speech signal by 
an overall feature vector which is a concatenation of Q 
cepstral coefficients, Q delta cepstral coefficients, Q 
delta-delta cepstral coefficients, one delta energy, and 
one delta-delta energy. This vector has 3Q + 2 compo- 
nents and the dimensionality of the feature space is D 
= 3Q + 2. (Since in our implementation Q = 12, we 
have a 3%dimensional feature vector representing 
each frame.) 

It might be noted here that the cepstral weights 
used in Eq. (16) and the gains G, , G,, G3, and G, used 
in Eqs. (17)-(20) do not affect the likelihood calcula- 

- 

tions used for scoring the HMMs. Their only role is 
during the segmental k-means training procedure 
[33], where the k-means clustering algorithm [34] is 
used with a Euclidean distance measure to define indi- 
vidual mixtures in the mixture density. If the k-means 
clustering algorithm is replaced by the maximum like- 
lihood clustering algorithm [35-371, these weights 
and gains are irrelevant even during the training 
phase and, hence, can be set to arbitrary positive val- 
ues (such as unity) without affecting the recognition 
system. 

3.2. HMM Characterization 

Each word in the vocabulary is characterized by a 
left-to-right HMM containing S states. The transi- 
tion probabilities between the states are denoted by 
qj, i,j = 1,. . . , S, wherej - i can be 0 (for self-tran- 
sition within a state) or 1 (for transition to the next 
state). (Note that the skip transitions are not al- 
lowed.) The observation probability for each state is 
characterized by a continuous probability density 
function specified as a mixture of Gaussian densities. 
Thus, the probability of observing the feature vector 
0, at the tth frame in state j is given by 

where N(O,, ~jj,, W,,) represents a multivariate Gauss- 
ian probability density function with mean vector pj,,, 
and covariance matrix Wj, for the mth component of 
the M-component mixture density for the jth state, 
and Cj,, m = 1, . . . , M, are the mixture weights for 
the jth state. (In our experiments, we assume the D 
features in the feature set to be uncorrelated and, 
hence, use diagonal covariance matrices to specify the 
Gaussian mixture densities. Also, we use S = 5 and M 
= 5 in our implementation.) 

3.3. HMM Training 

For each word in the N-word vocabulary, an HMM 
is designed; i.e., the HMM parameters (transition 
probabilities, mixture weights, mean vectors, and co- 
variance matrices) are estimated from a training set 
of data representing multiple utterances of the vocab- 
ulary word. The segmental k-means training proce- 
dure [33] is used to estimate these parameters. The 
processing steps used in the segmental k-means train- 
ing procedure are outlined below. 

1. Initialization: Segment uniformly each of the 
training utterances (of a given word) into S segments 
of equal durations, where S is the number of states in 
an HMM. 



2. Clustering: Partition the set of frames belonging 
to the jth state into M clusters using the k-means 
clustering algorithm [34]. Here, each cluster repre- 
sents one of the M mixtures in the mixture density 
function, defined by Eq. (21). This step is repeated for 
all the states, i.e., for j = 1, . . . , S. 

3. Estimation: Compute the HMM parameters 
(transition probabilities, mixture weights, mean vec- 
tors, and diagonal covariance matrices) using the seg- 
mentation and clustering information from the pre- 
vious steps. 

4. Segmentation: Segment each of the training ut- 
terances (of the given word) into S segments using the 
HMM estimated in the previous step. 

5. Iteration: Iterate steps 2-4 until convergence, 
i.e., until the average model likelihood of the given 
word on its training utterances converges. 

This procedure is repeated for all the N words in 
the vocabulary to design their HMMs. 

3.4. Testing 
In the testing phase, an input utterance of an un- 

known word is decoded by the HMMs of the individ- 
ual words in the vocabulary using the Viterbi algo- 
rithm [33], and the likelihood scores are computed. 
The maximum likelihood decision rule is applied for 
recognition; i.e., the utterance is recognized as the 
word whose HMM shows the highest likelihood score. 

4. RECOGNITION EXPERIMENTS AND RESULTS 

In this section, we describe speech recognition ex- 
periments where different dimensionality reduction 
methods are evaluated on an isolated word recogni- 
tion task using the HMM-based recognizer described 
in the preceding section. We start with D = 38 fea- 
tures in the enhanced feature set used at the AT&T 
Bell Laboratories. Using these methods, we reduce 
the dimensionality of the feature space to d (where d 
< D). This section is organized as follows. The speech 
data base used in these recognition experiments is de- 
scribed in Subsection 4.1. In Subsection 4.2, recogni- 
tion experiments with the original feature set are de- 
scribed to provide baseline results. Recognition re- 
sults with different dimensionality reduction 
methods are described in Subsection 4.3. 

4.1. Speech Data Base 
In order to evaluate the dimensionality reduction 

methods, we use here an alpha-digit vocabulary of N 
= 39 words consisting of the 26 letters of English al- 
phabet (A-Z), 3 command words (stop, error and re- 
peat), and the 10 English digits (O-9). The data base 

TABLE 1 

Baseline Recognition Results 

No. of Recognition 
Feature set features accuracy (in %) 

c 12 78.97 
C+DC 24 86.69 
C+DC+DE+DDE 26 88.77 
C+DC+DDC+DE+DDE 38 88.87 

consists of two sets of data, each consisting of one 
utterance of each of the 39 words by each of 100 dif- 
ferent speakers (50 men and 50 women). One set of 
data is used for training and another for testing. Since 
the training and the test data sets use the same set of 
100 speakers, this data base allows us to evaluate the 
performance of the isolated word recognizer in a mul- 
tispeaker mode. The training and testing tokens were 
recorded over local dialed-up telephone lines, band- 
pass filtered to 200-3200 Hz, and digitized at a sam- 
pling rate of 6.67 kHz. This data base has been used in 
the past in a number of recognition experiments. (See 
[38] for details.) 

4.2. Recognition Experiments with the Original 
Feature Set 
Speech recognition experiments with the original 

feature set (consisting of 38 features) are conducted to 
provide a baseline performance, which will be used 
later as a reference for evaluating different dimension- 
ality reduction methods. In order to facilitate this 
evaluation process, we also report recognition results 
with some of the subsets of this feature set. Results 
are listed in Table 1. In this table, the cepstral coeffi- 
cients are denoted by C, the delta cepstral coefficients 
by DC, the delta-delta cepstral coefficients by DDC, 
the delta energy by DE, and the delta-delta energy by 
DDE. This table shows how the recognition perfor- 
mance improves with the inclusion of more and more 
features in the feature set. Using all the 38 features in 
the original feature set, the isolated word recognizer 
performs with 88.87% recognition accuracy. 

4.3. Recognition Experiments with the Reduced 
Feature Sets 
In this section, we describe speech recognition ex- 

periments in which the four dimensionality reduction 
methods described in Section 2 are studied as to their 
effectiveness in reducing the dimensionality of the 
original feature space. Note that in all these experi- 
ments, the training data set is used for training the 
HMMs for each word in the vocabulary as well as for 
computing the figure of merit or transformation re- 



TABLE 2 

F-Ratios for the Individual Features in the Original Feature Set 

Feature F-ratio Feature F-ratio Feature F-ratio Feature F-ratio 

G 1.76 DC, 0.37 DDC, 0.13 DE 1.92 
G 2.17 DC, 0.41 DDC, 0.09 DDE 0.32 
c3 1.53 DC3 0.36 DDC, 0.11 
G 0.61 DC, 0.15 DDC, 0.05 
G 0.39 DC5 0.15 DDC5 0.04 
G 0.25 DC6 0.10 DDC, 0.03 
G 0.29 DC, 0.08 DDC, 0.04 
C8 0.39 DC, 0.11 DDC, 0.04 
Cl 0.35 DC9 0.12 DDC, 0.04 
Go 0.58 DC,, 0.11 DWo 0.04 
Cl, 0.44 DC,, 0.12 DDG, 0.04 
Cl2 0.16 DC,, 0.05 DDG, 0.03 

quired in these dimensionality reduction methods. isolated word recognizer on the test data set as a func- 
The test data set is used only to compute the recogni- tion of the size d of the reduced feature set is shown in 
tion performance of the recognizer with different re- Table 4. It is clear from this table that we can reduce 
duced feature sets. The recognition experiments are the dimensionality of the original feature space from 
described below for each of the four dimensionality D = 38 to d = 24 without affecting the recognition 
reduction methods. performance. 

4.3.1. Recognition experiments with the dimension- 
ality reduction method 1. Here, we use the feature 
selection method based on the F-ratio as the figure of 
merit for dimensionality reduction. The value of the 
F-ratio for each of the D = 38 features of the original 
feature set is computed from the training set data as 
follows. The HMMs designed from the training data 
(using all the 38 features) are used to segment the 
training utterances of all the words into S states using 
the Viterbi algorithm [33]. For computing the within- 
class3 variance of a given feature, the variance of this 
feature is computed for each of the M mixture compo- 
nents of S states and N words. These variances are 
pooled together to get the within-class variance of 
each feature. For computing the between-class vari- 
ance of a given feature, the mean value of this feature 
is computed for each of the S states and N words. The 
statewise variance of these mean values representing 
different words is computed for all the S states. These 
statewise between-word variances are pooled together 
to get the between-word (or, between-class) variance 
of each feature. The F-ratio for each of the D features 
is computed as the ratio of the between-class to 
within-class variances. Table 2 lists the F-ratios for 
all the D = 38 features in the feature set. Rank-order- 
ing of the 38 features in terms of their F-ratios is 
listed in Table 3. Dimensionality reduction is per- 
formed by selecting the top d (CD) features from this 
rank-ordered list. Recognition performance of the 

3 Note that the individual words in the N-word vocabulary de- 
fine the N classes. We use here the terms word and class inter- 
changeably. 

4.3.2. Recognition experiments with the dimension- 
ality reduction method 2. Here, we use the feature 
selection method based on the recognition rate on 
training data as the figure of merit for dimensionality 
reduction. In order to estimate this figure of merit for 
a given feature in the original feature set, the training 
data set is used to design HMMs of the N vocabulary 
words using this feature; and the recognition perfor- 
mance is computed on the same training data set us- 
ing this feature. This procedure is repeated for all the 
D features and the recognition rates on the training 
data set using individual features are computed. 
These are listed in Table 5. Rank-ordering of the D = 
38 features in the original feature set using the recog- 
nition on training data as the figure of merit is shown 
in Table 6. Dimensionality reduction is done by se- 
lecting the top d (CD) features from this rank-ordered 
list. Recognition performance of the recognizer on the 
test data set is shown in Table 7 as a function of the 
size of the reduced feature set. This table shows that 
we can use a reduced feature set of size d = 16 and still 
can get better performance than that obtained by us- 
ing all the 38 features in the original feature set. Thus, 
this dimensionality reduction method performs bet- 
ter than method 1 used in the preceding subsection. 
The reason that this happens is rather obvious. This 
method uses the recognition rate on training data as 
the figure of merit which reflects the recognition capa- 
bility of each feature better than the F-ratio used in 
method 1. 

4.3.3. Recognition experiments with the dimension- 
ality reduction method 3. As mentioned earlier, the 



TABLE 3 

Rank-Ordering of the 38 Features in the Original Feature Set Using the F-Ratio as the Figure of Merit 

Rank Feature Rank Feature Rank Feature Rank Feature 

1 G 13 G 25 DDC, 37 DDC, 
2 DE 14 DDE 26 DC, 38 DDG 
3 Cl 15 G 27 DDC, 
4 C, 16 G 28 DC, 
5 G 17 Cl, 29 DC,, 
6 Cl, 18 DC, 30 DDC., 
7 Cl, 19 DC, 31 D&o 
8 DC, 20 DDC, 32 DDC, 
9 G 21 DC, 33 DDC, 

10 G 22 DC,, 34 DDG 
11 DC, 23 DC, 35 DDC, 
12 DC, 24 DC,, 36 DDC, 

feature selection method 1 which uses the F-ratio as 
the figure of merit assumes the within-class and the 
between-class covariance matrices to be diagonal. 
However, in practice, this assumption does not hold 
well. For example, we show in Fig. 1 the within-class 
covariance matrix (computed for the 38 features in 
the original feature set from the training set data), 
where the off-diagonal elements are not all zero. The 
linear discriminant analysis-based feature extraction 
method does not make this assumption about the diag- 
onality of these matrices and, hence, is expected to 
perform better for dimensionality reduction. This 
method is studied in this subsection. 

In this dimensionality reduction method, the linear 
discriminant analysis is used to define a linear trans- 
formation which projects the original D-dimensional 
feature space on a d-dimensional subspace (where d < 
D). In order to compute this transformation, we need 
the within-class covariance matrix (W) and the be- 

TABLE 4 

Recognition Accuracy as a Function of the Size d of the 
Reduced Feature Set 

Size of reduced 
feature set 

Recognition accuracy 
in (5%) 

4 
8 

12 
16 
20 
24 
28 
32 
36 
28 

78.21 
83.21 
87.10 
87.15 
88.18 
89.03 
89.56 
89.26 
89.69 
88.87 

Note. Dimensionality reduction is done by using the F-ratio as 
the figure of merit. 

tween-class covariance matrix (B). These are com- 
puted from the training data set in a manner similar 
to that used in Subsection 4.3.1. These covariance ma- 
trices are used to compute the required transforma- 
tion U using Eq. (12). Reduced feature sets of differ- 
ent sizes are computed using this method and the rec- 
ognition performance of the recognizer is evaluated 
on the test data set for each of these reduced feature 
sets. Results are shown in Table 8. Comparison of this 
table with Tables 4 and 7 reveals that this method 
does not perform as well as methods 1 and 2. It looks 
surprising that despite using the full covariance matri- 
ces, this method did not perform better than the F-ra- 
tio-based method. The reason for this is as follows. 
We have used full covariance matrices in this method 
for reducing the dimensionality, but the HMM-based 
recognizer in our experiments uses only diagonal co- 
variance matrices. In fact, when the full covariance 
matrices are used in the HMM-based recognizer, this 
method has been found to perform better than the 
F-ratio-based method for dimensionality reduction. 
Also, note that the recognition performance of the 
recognizer using all the 38 features in the transformed 
space is poorer than that obtained by using all the 38 
features in the original feature space. Again, this hap- 
pens due to the use of diagonal covariance matrices in 
the HMM-based recognizer. 

4.3.4. Recognition experiments with the dimension- 
ality reduction method 4. Here, we study the princi- 
pal component analysis-based feature extraction 
method for dimensionality reduction. Principal com- 
ponent analysis is used to compute a linear transfor- 
mation which projects the original D-dimensional 
feature space on a d-dimensional subspace (where d < 
D). Here the total covariance matrix T is computed 
from the training data set using Eq. (14) and the lin- 
ear transformation U that reduces the dimensionality 
to d is obtained as the matrix whose columns are the 



TABLE 5 

Recognition Rate, R, on Training Data Using Each of the 38 Features in the Original Feature Set 

Feature R (in W) 

Cl 38.44 
G 30.90 
G 28.90 
G 23.33 
C5 20.00 
G 16.69 
G 17.13 
cl3 15.90 
G 18.90 
C 10 19.00 
G, 17.95 
Cl2 15.15 

Feature R (in W) 

DC, 30.85 
DC, 29.26 
DC3 26.10 
DC, 17.05 
DC, 15.59 
DC, 13.79 
DC, 15.00 
DC, 15.54 
DC, 16.49 
DC,, 15.77 
DC,, 15.74 
DC,, 13.13 

Feature R (in %) 

DDC, 20.54 
DDC, 17.23 
DDC, 17.90 
DDC, 12.15 
DDC, 11.26 
DDC, 12.13 
DDC, 13.74 
DDC, 12.54 
DDC, 13.51 
DDC,, 11.90 
DW, 11.74 
DDG, 11.08 

Feature 

DE 
DDE 

R (in %) 

31.56 
28.28 

eigenvectors corresponding to d largest eigenvalues of 
T. Recognition results on the test data set as a func- 
tion of d are shown in Table 9. It can be seen from this 
table that this method performs slightly worse than 
method 2. But, its performance is better than that of 
other methods. This is despite the fact that it neither 
maximizes the between-class separation nor mini- 
mizes within-class scatter. Also, note that the recogni- 
tion performance with the 38 features in the trans- 
formed feature space is not as good as that with the 38 
features in the original feature space. Again, this hap- 
pens due to the use of diagonal covariance matrices in 
the HMM-based recognizer. 

5. DISCUSSION OF RESULTS 

feature space. A Gaussian mixture density HMM- 
based speech recognizer with diagonal covariance ma- 
trices has been used for recognizing the isolated words 
in this study. It has been shown that the feature selec- 
tion method using the recognition rate on training 
data as the figure of merit performs best among these 
methods. This method can reduce the dimensionality 
of the feature space to 16 without sacrificing in terms 
of recognition performance. (In fact, the recognition 
performance using these 16 features is better than 
that obtained by using all the 38 features in the origi- 
nal feature set.) There are two reasons for its success. 
First, use of diagonal covariance matrices in the 
HMM-based speech recognizer justifies the use of a 
figure of merit for feature selection. Second, the figure 
of merit used in this method directly reflects the recog- 
nition capabilities of the individual features. 

In the preceding section, we have studied four dif- Though this method has met the desired goal of 
ferent methods for reducing the dimensionality of the reducing the dimensionality and, at the same time, 

TABLE 6 

Rank-Ordering of the 38 Features in the Original Feature Set Using Recognition Rate on Training Data 
as the Figure of Merit 

Rank Feature 

1 G 
2 DE 
3 G 
4 DC, 
5 DC, 
6 C3 
7 DDE 
8 DC, 
9 Cd 

10 DDC, 
11 G 
12 GO 

Rank Feature 

13 G 
14 C,, 
15 DDC, 
16 DDC, 
17 G 
18 DC, 
19 G 
20 DC, 
21 CS 
22 DC,, 
23 DC,, 
24 DC, 

Rank Feature 

25 DC, 
26 Cl, 
27 DC, 
28 DC, 
29 DDC, 
30 DDC, 
31 DC,, 
32 DDC, 
33 DDC, 
34 DDC, 
35 DDGo 
36 DDG, 

Rank Feature 

37 DDC, 
38 DDG, 



TABLE 7 TABLE 8 

Recognition Accuracy as a Function of the Size d of the 
Reduced Feature Set 

Recognition Accuracy as a Function of the Size d of the 
Reduced Feature Set 

Size of reduced Recognition accuracy Size of reduced Recognition accuracy 
feature set in (%) feature set in (%) 

4 
8 

12 
16 
20 
24 
28 
32 
36 
38 

72.41 
86.33 
88.51 
89.18 
89.36 
89.31 
89.59 
89.72 
89.38 
88.87 

Note. Dimensionality reduction is done by using recognition rate Note. Dimensionality reduction is done by using the linear dis- 
on training data as the figure of merit. criminant analysis. 

not sacrificing in terms of recognition performance, 
the question remains whether one can justify the in- 
clusion of certain features in the reduced feature set 
on some physical grounds. If this is possible, then this 
reduced feature set will have more appeal in the sense 
that it will be useful for other data bases as well as for 
other recognition tasks (such as connected word rec- 
ognition and large-vocabulary continuous speech rec- 
ognition). In order to elaborate on this point further, 
let us look at the rank-ordered list of features in Table 
6, which has been obtained by using the recognition 

FIG. 1. Correlation (times 10) between different features m the 
original feature set. Correlation values between -0.2 and 0.2 are 
not shown. 

4 78.03 
8 86.03 

12 87.15 
16 87.56 
20 88.21 
24 88.59 
28 87.87 
32 88.13 
36 87.72 
38 87.62 

rate on training data as the figure of merit. Let us 
consider the reduced feature set of size d = 18. This 
feature set includes delta energy, delta-delta energy, 
the first four delta cepstral coefficients, the first three 
delta-delta cepstral coefficients, and the following 
nine cepstral coefficients: C,, C,, C,, C,, C,, C,, C,, 
C,, , and C,, . The cepstral coefficients C, and C, are 
not included in this feature set, while the higher cep- 
stral coefficients C, , C,, C,, , and C,, are a part of this 
feature set. There is no physical reason we can think 
of that explains this behavior. It is not clear whether 
an arbitrary sequence of cepstral coefficients has any 
spectral meaning. But, an ordered sequence of the 
first few (say, Q) cepstral coefficients has a spectral 
meaning. In order to illustrate this point, the power 
spectra of the three vowel sounds (/i/, /a/, and /u/) 

TABLE 9 

Recognition Accuracy as a Function of the Size d of the 
Reduced Feature Set 

Size of reduced Recognition accuracy 
feature set in (%) 

4 75.90 
8 86.85 

12 88.44 
16 89.44 
20 89.08 
24 89.44 
28 88.87 
32 88.59 
36 87.77 
38 87.87 

Note. Dimensionality reduction is done by using the principal 
component analysis. 
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FIG. 2. Power spectrum (in dB) for different values of Q. (a) Vowel /i/, (b) vowel /a/, and (c) vowel /u/. 



for different Q values are shown in Fig. 2, and the 
running power spectra of all the frames in a speech 
utterance of word /bi/ are shown in Fig. 3. We can see 
from these figures that the ordered sequence of the 
first Q cepstral coefficients has a definite meaning. By 
increasing the value of Q, we add more details to the 
power spectrum. The power spectrum corresponding 
to longer cepstral sequences has better resolution. 
Also, we can see that about 8 to 10 cepstral coeffi- 
cients are sufficient to get all the details in the spec- 
trum; i.e., we do not gain in terms of spectral resolu- 
tion by increasing Q beyond 10. 

Thus, if we use the first Q. cepstral coefficients, the 
first Q, delta cepstral coefficients, and the first Q2 
delta-delta cepstral coefficients in our feature set, this 
feature set will have some physical meaning. Note 
that we always include delta energy and delta-delta 
energy in our feature set. Thus, the dimensionality of 
the reduced feature set is d = Q. + Q, + Q2 + 2. In 
order to find the proper values for Q,,, Q, , and Qz, we 
must know the relative importance of the cepstral co- 
efficients, the delta cepstral coefficients, and the 
delta-delta cepstral coefficients for speech recogni- 
tion. For this, we plot in Fig. 4 the recognition rate on 
training data for individual cepstral features. We can 
see from this figure that for speech recognition the 
cepstral coefficients are more important than the 
delta cepstral coefficients, which, in turn, are more 
important than the delta-delta cepstral coefficients. 
In other words, we have to include more cepstral coef- 
ficients in our reduced feature set than the delta cep- 
stral coefficients, and more delta cepstral coefficients 
than the delta-delta cepstral coefficients. This makes 
sense from a spectral viewpoint. We add more details 
to the power spectrum by increasing the Q value, but 
these details may not be necessary for computing the 

TABLE 10 

Recognition Accuracy as a Function of the Size d of the 
Reduced Feature Set Which Is Derived 

from Physical Considerations 

Size of reduced 
feature set Recognition accuracy 

d(Q, + Q, + 8, + 2) in (7%) 

16(8 + 3 + 3 + 2) 89.51 
18(8 + 5 + 3 + 2) 89.95 
20(8 + 7 + 3 + 2) 90.15 
22(9 + 8 + 3 + 2) 90.26 
24(10 + 8 + 4 + 2) 90.41 

Note. In addition to delta energy and delta-delta energy, the 
reduced feature set has the first Q, cepstral coefficients, the first Q1 
delta cepstral coefficients, and the first Qz delta-delta cepstral coef- 
ficients, where Q0 + Q1 > Qz. 

TABLE 11 

Recognition Performance Obtained by Using Bocchieri 
and Wilpon’s Reduced Feature Set 

Size of reduced Recognition accuracy 
feature set in (%) 

4 56.41 
8 78.31 

12 87.18 
16 88.87 
20 89.72 
24 89.69 
28 89.85 
32 90.03 
36 89.18 
38 88.87 

temporal derivatives of the spectrum. In fact, these 
details make the temporal derivatives more noisy (as 
can be seen from Fig. 3). Thus, as we go to higher 
temporal derivatives, we should have less of these de- 
tails. Since there is a direct correspondence between 
temporal derivatives of the log-power spectrum and 
temporal derivatives of cepstral coefficients [ 31, it fol- 
lows that we should use smaller values of Q for getting 
a reliable estimate of higher temporal derivatives. In 
other words, higher is the order of the temporal deriva- 
tive, smaller should be the value of Q. Thus, Q. 2 
Ql* Qz. 

Using this rule of thumb, we have arrived at a num- 
ber of reduced feature sets of different sizes. Recogni- 
tion performance of the HMM-based speech recog- 
nizer using these reduced feature sets is evaluated on 
the test data set. Results are shown in Table 10. Note 
that the reduced feature sets investigated here include 
at least eight cepstral coefficients (i.e., Q. 2 8). This is 
done to capture in the feature set all the details of the 
power spectrum. It can be seen from this table that 
these feature sets perform better than the reduced 
feature sets obtained by using the dimensionality re- 
duction methods reported in the preceding section. 
Since we can justify the formation of these feature 
sets on physical grounds, we expect them to perform 
equally well on other recognition tasks and data 
bases. However, this has to be investigated. 

Recently, Bocchieri and Wilpon [28] from our labo- 
ratories have investigated the dimensionality reduc- 
tion problem for the same feature set (that has been 
studied in the present paper), and using a similar 
HMM-based speech recognizer. They have investi- 
gated a feature selection method, where they use a 
figure of merit which tries to maximize the discrimina- 
tion between the classes. Using their reduced feature 
sets, we have conducted recognition experiments on 
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FIG. 3. Running power spectra (in dB) of all the frames in the speech utterance /bi/. (a) Q = 2, (b) Q = 4, (c) Q = 6, (d) Q = 8, (e) Q = 10, and 
(f) Q = 12. 

our isolated word recognition task. Results are shown 
in Table 11. It can be seen from this table that their 
dimensionality reduction method performs as well as 
the dimensionality reduction methods used in our 
study (see Tables 4,7,8, and 9). However, comparison 
of Tables 10 and 11 shows that the reduced feature 
sets derived in the present paper from physical consid- 
erations perform better than Bocchieri and Wilpon’s 
reduced feature sets. 

6. CONCLUSIONS 

In this paper, the problem of dimensionality reduc- 
tion is studied for the enhanced feature set used in the 
speech recognizers at AT&T Bell Laboratories. This 
feature set consists of the following 38 features: 12 
cepstral coefficients, 12 delta cepstral coefficients, 12 
delta-delta cepstral coefficients, delta energy, and 
delta-delta energy. The speech recognizer employed 
in this study uses continuous density HMMs with 
Gaussian mixture densities, where the covariance ma- 

trices are assumed to be diagonal. Four different 
methods of dimensionality reduction have been in- 
vestigated. The dimensionality reduction method 
that uses the recognition rate on training data as the 
figure of merit for feature selection has been found to 
give the best performance. Though this method 
achieves the desired goal of reducing the dimensional- 
ity of the feature space to 16 and, at the same time, 
not sacrificing in terms of recognition performance, 
some of the features that are selected by this method 
are rather arbitrary and cannot be justified on physi- 
cal grounds. In order to ensure that the features in the 
reduced feature set have physical meaning, it has 
been proposed that this feature set should include, in 
addition to delta energy and delta-delta energy, the 
first Q,, cepstral coefficients, the first Q, delta cepstral 
coefficients, and the first Qz delta-delta cepstral coeffi- 
cients, where Q, 2 Q, > Q,. This reduced feature set 
has been found to result in better performance than 
the reduced feature sets obtained by different dimen- 
sionality reduction methods investigated in this 
paper. 
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FIG. 4. Recognition rate on training data using individual cep- 
stral features. Here, C stands for the cepstral coefficients, DC for 
the delta cepstral coefficients, and DDC for the delta-delta cep- 
stral coefficients. 
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