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ABSTRACT

We present sequential parameter estimation in the framework of
the Hidden Markov Models. The sequential algorithm is a sequen-
tial Kullback proximal algorithm, which chooses the Kullback-
Liebler divergence as a penalty function for the maximum like-
lihood estimation. The scheme is implemented as £lters. In con-
trast to algorithms based on the sequential EM algorithm, the algo-
rithm has faster convergence rate in parameter estimation, and the
computational complexity is proportional to the algorithms based
on the sequential EM algorithm. In particular, we derive sequen-
tial noise parameter estimation for a model-based sequential noise
compensation method for nonstationary noise environments. Noise
parameter estimation, updating and speech recognition are carried
out frame by frame. Simulation results have shown that the de-
rived schemes can have faster convergence rate than the sequential
noise compensation based on the sequential EM algorithm.

1. INTRODUCTION

Speech recognition is considered as the problem of choosing a
corresponding state sequence q = (q1q2 · · · qT ) with the maxi-
mum joint likelihood P (q, YT ) of the observation sequence YT
given model parameter Θ. For speech recognition in matched
condition, Θ can be obtained during the training stage. How-
ever, for speech recognition in mismatched condition, Θ or the
features for speech recognition have to be transformed to decrease
the mismatch. Noise is one of the major sources for mismatch.
Noise compensation has been considered to be essential for speech
recognition in real environments. Among the approaches for noise
compensation, model-based approach assumes an explicit model
representing noise effects on speech features or models. For ex-
ample, a non-linear transformation of mean vector in clean speech
models can be carried out on the mean µlimj of each mixture m at
state i in clean speech models after estimation of a noise parame-
ters µlnj in the log-spectral £lter bank j [1],

µ̂
l
imj = µ

l
imj + log(1 + exp(µ

l
nj − µ

l
imj)) (1)

where 1 ≤ j ≤ J , and J is the total number of log-spectral £lter
banks. Superscript l indicates parameters are in the log-spectral
domain. This function assumes that the noise variance is very
small, and accordingly, only the mean of the acoustic models are
transformed. Other model based methods such as[2] employ sim-
ilar functional formula with different complexities. Most of the
methods assume that the noise statistics are constant, so that noise

parameter can be estimated in advance, and plugged into the noise
compensation procedures.

In this paper, we consider a sequential noise compensation
scheme for nonstationary noise case. Here, the noise statistics are
varying during the speech recognition. Thus, the model parame-
ter is Θ(t). Our motivations of this work are from these consid-
erations. Firstly, correct noise estimation is hardly obtainable in
situations such as push-to-talk working scenarios. If the noise pa-
rameters were wrong, the recognition performance would be very
poor. Secondly, even though methods such as Maximum Likeli-
hood Linear Regression (MLLR) [3] can be adopted to transform
the acoustic models before recognition in mismatched condition,
it requires adaptation data. Once the transformation has been £n-
ished, the noise during recognition is still assumed to be stationary.
Thus, the methods can not adapt models to unseen noise during
recognition. Thirdly, previous algorithms [3] work utterance by
utterance. The convergence rate is found to be slow. We believe
algorithms working frame by frame may have faster convergence
rate than those based on adaptation in an utterance level.

Our sequential noise compensation works frame by frame. In
each frame, it £rstly propagate the joint likelihood P (q,Θ(t) till
frame t, and then update estimation of Θ(t + 1) via the principle
of maximum likelihood estimation, where the likelihood is given
as

∑

q P (q; Θ(t + 1)). The joint likelihood propagation and pa-
rameter updating are carried out in an iterative way.

Due to dif£culties in directly calculating the likelihood in the
HMM framework, methods based on the sequential Expectation
Maximization [4] can be adopted for the purpose. However, as is
well known, the EM algorithm suffers from slow convergence rate.
For sequential adaptation, faster convergence rate is always desir-
able. Recently, Chréten and Hero III [5] have introduced a Kull-
back proximal algorithm. The algorithm is a class of accelerated
EM algorithm for likelihood function maximization via exploiting
of a general relation between EM and proximal-point algorithms.
These algorithms converge and can have quadratic rates of conver-
gence even with approximate updating.

In this paper, we derive sequential algorithm based on the
Kullback proximal point algorithm for noise parameter estimation.
The noise compensation is carried out via a Log-Add noise com-
pensation method [1], which is shown in Equation (1). The contri-
butions of this paper are as follows: 1), In contrast to the sequential
algorithm based on the EM algorithm, the derived sequential algo-
rithm is shown to have faster convergence rate than the algorithm
based on the sequential EM algorithm. This is achieved by proper
choice of a relaxation factor, βt. 2), The sequential EM algorithm



is shown to be a particular case of the sequential Kullback proxi-
mal point algorithm, the case of setting βt = 1.0. 3), In particular,
we show the application of the sequential Kullback proximal point
algorithm in the sequential noise compensation. Experiments car-
ried out so far have con£rmed the advantage of the proposed al-
gorithm over the algorithm based on the sequential EM algorithm,
in terms of convergence rate and recognition performance in mis-
matched signal-to-noise ratio (SNR) conditions.

2. BACKGROUND

During speech recognition, joint likelihood of observation sequence
Yt and state sequence q are propagated via Viterbi approximation,
which is given as,

αt(i; θ) = αt−1(ζ
?; θ)aζ?ibi(yt) (2)

where qt = i, ζ? = argmaxζ αt−1(ζ; θ)aζi. bi(yt) is the emis-
sion probability of yt at state i given parameter θ. Sequential pa-
rameter estimation during the speech recognition is carried out via
maximizing the log-likelihood, i.e.,

θ(t) = arg max
θ∈RJ

lt(θ)

where lt(θ) is the log-likelihood till frame t, given as,

lt(θ) = log

N
∑

i=1

αt(i; θ)

where N is the total number of states. Direct calculation on the
likelihood is dif£cult in the HMM frameworks, thus, the sequen-
tial Expectation Maximization (EM) algorithm is a popular algo-
rithm [4] to £nd the ML estimation of θ(t).

The algorithm has the conditional expectation of the log likeli-
hood of the complete data q, Yt until time t, i.e.,Qt(Θ(t−1), θ) =
E[log f(q, Yt)|Yt,Θ(t− 1)]. Θ(t− 1) = (θ(1)θ(2) · · · θ(t− 1))
denotes the sequence of estimated parameters in HMMs till time
t − 1 based on the observation sequence Yt−1. By maximizing a
second order Taylor series approximation of the Qt(Θ(t − 1), θ)
by Qt(Θ(t− 1), θ(t− 1)), we can obtain the following updating
formula,

θ(t) = θ(t− 1) + (Rt(θ(t− 1)))
−1
S(θ(t− 1), yt) (3)

where S(θ(t−1), yt) =
∂Qt(Θ(t−1),θ)

∂θ
|θ=θ(t−1), andRt(θ(t−1))

is with element of − ∂2Qt(Θ(t−1),θ)

∂θ2
|θ=θ(t−1).

Alternatively, maximum likelihood estimation can also be ad-
dressed by the Kullback proximal point algorithm [5].

Proposition 1 The sequential EM algorithm is equivalent to the
following recursion with βt = 1, t = 1, 2, ...,

θ(t) = arg max
θ∈RJ

{lt(θ)− βtIy(θ,Θ(t− 1))} (4)

where Iy(θ,Θ(t−1)) =
∑

q
log

f(q|Yt;Θ(t−1))

f(q|Yt;θ)
f(q|Yt; Θ(t−1))

is the Kullback-Liebler (K-L) divergence.

Note that our proposition is a sequential version of the batch ver-
sion in Proposition 1 in [5]. The proposition can be similarly
proved as in [5].

The Kullback-Liebler (KL) divergence between successive it-
erates of the posterior densities of the complete data works as a
regulization factor. Following the terminology in [5], we denote
the above updating procedure as the sequential Kullback proximal
algorithm.

3. THE ALGORITHM

The proposition 1 gives the following sequential algorithm:
Let θ(0) be the initial model estimate. Then given yt at time

t, the recursive update of θ(t) is given as,

θ(t) = θ(t− 1)

−
∂Qt(Θ(t−1);θ)

∂θ
|θ=θ(t−1)

βt
∂2Qt(Θ(t−1),θ)

∂θ2
|θ=θ(t−1) + (1− βt)

∂2lt(θ)

∂θ2
|θ=θ(t−1)

(5)

where

Qt(Θ(t− 1), θ)

∂θ
|θ=θ(t−1) =

N
∑

i=1

γt(i; θ(t− 1))
∂ log bi(yt)

∂θ
|θ=θ(t−1) (6)

∂2Qt(Θ(t− 1), θ)

∂θ2
|θ=θ(t−1) =

∂2Qt−1(Θ(t− 2), θ)

∂θ2
|θ=θ(t−1)

+

N
∑

i=1

γi(t; θ(t− 1))
∂2 log bi(yt)

∂θ2
|θ=θ(t−1) (7)

where γi(t; θ) is the posterior probability at state i given observa-
tion Yt and model parameter θ. For sequential updating, we only
consider the £ltering scheme, and accordingly, the posterior prob-
ability is given as,

γt(i; θ) =
αt(i; θ)

∑N

η=1
αt(η; θ)

(8)

3.1. Implementation

Exact calculation of the second order differentiation of lt(θ) is
computationally expensive. We propose an approximation, in which
the value is approximated at θ around θ(t− 1) as,

∂2lt(θ)

∂θ2
=

N
∑

i=1

∂γi(t; θ)

∂θ

∂ log bi(yt)

∂θ

+

N
∑

i=1

γi(t; θ)
∂2 log bi(yt)

∂θ2
(9)

After some mathematical derivation, we have,

∂2lt(θ)

∂θ2
=

N
∑

i=1

M
∑

m=1

γt(i,m; θ)[(
∂ log bim(yt)

∂θ
)2 +

∂2 log bim(yt)

∂θ2
]

− (

N
∑

i=1

M
∑

m=1

γt(i,m; θ)
∂ log bim(t)

∂θ
)2 (10)

where bim(yt) is the emission probability of yt at state i and mix-
ture m given model parameter θ(t). cim is the Gaussian mixture
weight, and

∑M

m=1
cim = 1. bi(yt) =

∑M

m=1
cimbim(yt) and

γt(i,m; θ) = γt(i; θ)
cimbim(yt)

bi(yt)
.



3.2. Remarks

Equation (5) shows that the βt works as a balance between an ac-

cumulated estimation by ∂2Qt(Θ(t−1);θ)

∂θ2
and the current estima-

tion ∂2lt(θ)

∂θ2
at time t. Decreasing βt from 1.0 to zero will make

the updating biased to the current estimation. When βt = 0.0, the
updating is a Newton step, which has superlinear convergence rate
but may be divergent when the procedure was wrongly initialized.
Increasing βt to in£nity will £x the parameter estimation without
adaptation to new data input. The smaller the βt, the faster the
convergence rate of the algorithm.

We see that the parameter updating by the sequential EM al-
gorithm corresponds to setting βt = 1.0 in the Equation (5).

Similar to [4], the exponential forgetting can be adopted, where
the forgetting factor 0 < ρ ≤ 1.0.

3.3. Application to the noise parameter estimation

Speci£cally, for θ(t) = µlnj(t), the noise parameter updating re-
quires the following calculations in each mixture m at state i. i.e.,

∂ log bim(yt; θ)

∂θ
=

K
∑

k=1

[dkj
(yt(k)− µimk(t− 1))

σ2imk

∂µlimj(t)

∂θ
]

∂2 log bim(yt; θ)

∂θ2
=

K
∑

k=1

[−
1

σ2imk
d
2
kj(

∂µlimj(t)

∂θ
)2 +

yt(k)− µimk

σ2imk
dkj

∂2µlimj(t)

∂θ2
]

where
∂µl

imj
(t)

∂θ
and

∂2µl
mj
(t)

∂θ2
are given as

exp(µl
nj
(t)−µl

imj
)

1+exp(µl
nj
(t)−µl

imj
)

and 1

(1+exp(µl
nj
(t)−µl

imj
))2

, respectively. µimk(t−1) is the corre-

sponding compensated cepstral mean at cepstral k, obtained after
the Discrete Cosine Transform (DCT) of {µlmj(t − 1) : 1 ≤ j ≤

J}. σ2imk is the diagonal variance at cepstral index k in mixture
m at state i. yt(k) is the cepstral observation element at cepstral
index k in the observation vector. dkj is the DCT coef£cient.

In fact, the algorithm works in a vector form for noise param-
eter updating. For simplicity in expression, we adopt the scalar
formula. Also, the parameter updating is carried out once at each
frame, instead of several iterations at each frames until conver-
gence. We speculate that the latter approach may make the con-
vergence rate of parameter estimation even faster than what we
have obtained in the experiments.

4. EXPERIMENTS

4.1. Experimental setup

Experiments were performed on the TI-Digits connected digits
database, which was down-sampled to 16kHz. Five hundred clean
speech utterances from 15 speakers and 100 utterances from four
speakers unseen in the training set were used for training and test-
ing, respectively. Digits and silence were respectively modeled
by 10-state and 3-state (including a non-emitting initial and £-
nal state) whole word HMMs with 4 diagonal Gaussian mixtures
in each state. Contaminated speech was generated by arti£cially
adding different levels of noise to the clean speech. Noises were

White noise. The signal-to-noise ratio (SNR) was measured by
SNR = 10 log10(energy of the total clean speech utterances/energy
of additive noise). Noise statistics were modeled by a single Gaus-
sian mixture.

The window size was 25.0ms with a 10.0ms shift. Twenty-six
£lters were used in the binning stage, i.e., J = 26. The features
were MFCC + ∆ MFCC. The baseline system had a 1.3% Word
Error Rate (WER) under clean conditions.

The sequential algorithms for the sequential noise compensa-
tion is un-supervised, i.e., we assume no knowledge of the actual

transcription. Before recognition of a set of utterances, ∂
2Qt(Θ(t−1),θ)

∂θ2

was initialized to be the minus 100 times of the variance of noise
at each log-spectral £lter bank. ∂Qt(Θ(t−1),θ)

∂θ
was initialized to

zero. The noise statistics were estimated from 5 seconds of noise
before the recognition process. During recognition of this set of
utterances, the parameters obtained from the last frame of each ut-
terance in the set are used to initialize the updating procedure in
Equation (5) for the next utterance. The forgetting factor ρ was set
to 0.995.

4.2. Experimental results

Experiment results are shown in Table 1. Baseline system with-
out noise compensation and the system with the Log-Add noise
compensation in known noise condition are shown in the second
and third row. As can be seen from the tables, the Log-Add noise
compensation is effective in improving system robustness to noise.

We then test the system performance in unknown noise con-
dition. As said before, the present work is motivated by adapting
system to unknown working environments, or adapting the system
to the environments where the noise parameter is hardly obtain-
able. Our method to evaluate system performance is by making
the SNRs in the environment for the noise parameter estimation
(initialization) and the SNRs in the environments for testing the
systems different. The SNRs for noise parameter initialization is
shown in the right most column. The SNRs for testing are in the
£rst row.

WSA denotes system with the Log-Add noise compensation
but without sequential adaptation schemes. SEM and SKP denote
system with sequential noise compensation by the sequential EM
algorithm and the sequential Kullback proximal algorithm, respec-
tively. In our experiments, we set βt = 0.9 for the sequential
Kullback proximal algorithm.

Observing the tables, we notice that when initialization and
testing are in the same SNR conditions, the performance of the se-
quential noise compensations is around that of the system compen-
sated by the Log-Add method with known noise statistics, labeled
LAdd.

For situations where system operated in mismatched SNR con-
ditions, experimental results show that the system with sequen-
tial noise compensation can effectively compensate contaminating
noise in unknown SNR conditions, whereas the system without it
performs poorly. For example, in 16.0dB White noise, ”SEM” and
“SKP” have 19.3% and 19.0% WER when initialized at 20.4dB
White noise, whereas the same (initial) noise parameter make the
system “WSA” without sequential compensation have performance
at 55.3% WER.

Observations from the tables also show that, in most cases,
SKP with sequential Kullback proximal algorithm has lower WER
than the SEM with sequential EM algorithm. This con£rms our



Table 1. WER (in %) of the system in White noise. Baseline is the
system without noise compensation. LAdd denotes system with
known noise parameter compensated. SEM and SKP each denote
the system with sequential noise compensation by the sequential
EM algorithm and the system with sequential noise compensation
by the sequential Kullback proximal algorithm. WSA denotes sys-
tem with the Log-Add noise compensation with noise parameters
as the initial parameters for the systems SEM and SKP but without
sequential adaptation. The central four columns denote the testing
SNR. The right most column denotes the SNR in which the initial
noise parameters were estimated.

SNR (dB) 8.8 16.0 20.4 40.4 Initial

Baseline 81.3 62.0 37.3 22.3
LAdd 32.0 14.7 2.0 2.7 Matched

WSA 32.0 21.3 46.0 51.7 8.8
SEM 34.0 16.7 9.0 10.7 8.8

SKP (βt = 0.9) 34.0 16.7 7.7 10.0 8.8

WSA 38.7 14.7 38.3 32.0 16.0
SEM 34.0 15.7 4.0 6.3 16.0

SKP (βt = 0.9) 34.0 15.7 4.0 5.7 16.0

WSA 61.3 55.3 2.0 2.3 20.4
SEM 45.7 19.3 2.3 2.3 20.4

SKP (βt = 0.9) 40.3 19.0 2.7 2.0 20.4

WSA 66.7 52.3 2.3 2.7 40.4
SEM 45.3 19.7 2.7 2.7 40.4

SKP (βt = 0.9) 46.0 20.0 2.0 2.0 40.4

remark in section 3, where we point out that a comparatively faster
convergence rate can be achieved by setting βt smaller than 1.0.

To explicitly show the convergence rate in parameter estima-
tion, we de£ne the Mean Square Error (MSE) of the noise com-
pensation procedure at each frame t as,

MSE(t) =
1

J

J
∑

j=1

(µlnj(t)− µ̂
l
nj)

2

where µlnj(t) and µ̂lnj denote the sequentially estimated noise pa-
rameter and the known mean of the contaminating noise parameter,
respectively.

Figure 1 shows the MSEs of the sequential Kullback proxi-
mal algorithm. The sequential Kullback proximal algorithm are
with βt = 10.0, 2.0, 1.0, 0.9 and 0.5. They were initialized at
8.8dB and tested in 16.0dB SNR condition. The testing utterances
are the testing set contaminated by White noise. It shows that the
convergence rate of the sequential Kullback proximal algorithm
can be controlled by βt. The larger the βt, the smaller the conver-
gence rate. It con£rms that the convergence rate can be faster when
βt < 1.0 compared with the sequential EM algorithm. The £gure
also shows that, after convergence, the sequential Kullback prox-
imal algorithm with smaller βt may have larger estimation error
than that with larger βt. They show similar trends when initialized
and tested in other SNR conditions.

We have also conducted experiments in Babble noise. All the
experiments carried out so far have similar trends in performance
and convergence rate.

Fig. 1. MSE of the sequential noise compensation in unknown
SNR condition (ρ = 0.995). Horizontal axis is the frame index in
logarithm scale. Sequential Kullback proximal algorithm has βt
set to be 10.0, 2.0, 1.0, 0.9, and 0.5. Systems are initialized at 8.8
dB White noise and tested at 16.0 dB White noise.

5. CONCLUSIONS

We have presented a sequential parameter estimation method for
maximum likelihood estimation based on the Kullback proximal
algorithm. The method shows faster convergence rate than that
based on the EM algorithm by controlling a relaxation factor βt.
We have applied the method to sequential noise compensation where
noise is nonstationary and noise estimation is carried out during
speech recognition.
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