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Low Complexity Gaussian Mixture Model-based Block
Quantisation of Images

Stephen So and Kuldip K. Paliwal

Abstract— In this paper, we present a low complexity version of Gaus-
sian mixture model-based block quantisation for images. The latter coding
method has been recently shown to offer considerable performance im-
provements over the traditional block quantisers where the probability
density function (PDF) is assumed to be Gaussian. However, the coder re-
lies on the frequent use of the Karhunen Loève transform (KLT). A coder
with less computational complexity can be realised by replacing the KLT
with a discrete cosine transform (DCT) which has the advantages of a static
transformation matrix, efficient implementation, and good decorrelation
characteristics. The results are promising with only a minor drop in per-
formance compared with the KLT-based coder and due to its low complex-
ity, more clusters can be used to make up the performance loss.

I. INTRODUCTION

BLOCK quantisation or transform coding has been used as a less
complex alternative to vector quantisation in the coding of im-

ages [11]. As shown in Fig. 1, a block quantiser consists of a set of
scalar quantisers operating independently on blocks or vectors which
have been operated on by a linear transformation [3]. The role of the
linear transformation is to remove as much correlation as possible from
the vector components since this improves the efficiency of the scalar
quantisers. Assuming the source is jointly Gaussian, the linear trans-
formation which minimises the mean square error (MSE) distortion
after quantisation is the Karhunen Loev̀e Transform (KLT)1.

The performance of a scalar quantiser depends on whether it
matches the probability density function (PDF) of the source. The
general assumption is that the source is jointly Gaussian, hence Lloyd-
Max non-uniform scalar quantisers are used in traditional block quan-
tisers. This is a reasonable assumption as the transform coefficients
are linear combinations of the random variables. As the dimension in-
creases, the distribution tends to approach a Gaussian, irrespective of
the shape of the source PDF [11]. However, better performance can be
achieved by estimating the PDF of the source and designing quantisers
that are adapted to this PDF. Subramaniam and Rao in [9] proposed a
block quantiser for speech where the PDF was modelled by a Gaussian
mixture model (GMM). The method was subsequently adapted for im-
age coding by Paliwal and So in [7] where an improvement over the
benchmark Gaussian block quantiser was reported. It was also shown
that increasing the number of clusters in the GMM further reduced
the distortion while the bitrate remained unchanged. However, there
is heavy use of the KLT and inverse KLT which are computationally
expensive. The complexity due to the transformation is proportional
to the number of Gaussian mixtures used.

In this paper, we present a modified, low complexity GMM-based
block quantiser (GMM-DCT) for images that utilises the discrete co-
sine transform (DCT) for decorrelating the vectors. This modifica-
tion leads to a coder that is computationally simpler than the optimal
KLT-based coder while maintaining comparable performance. The
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1The KLT is also known as the eigenvector transform, Hotelling transform,
or Principal Component Analysis in pattern recognition
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Fig. 1. Traditional Gaussian Block Quantiser
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Fig. 2. PDF Estimation and Bit Allocation from Training Images

proposed block quantisation scheme consists of three stages: PDF
estimation, bit allocation, and the low complexity GMM-DCT block
quantiser. Figs. 2 and 3 show block diagrams of the PDF estimation
and bit allocation procedure and the modified GMM block quantiser
respectively. Like the JPEG standard [10], images are operated on as
blocks of pixels with dimension 8× 8 = 64 since most of the correla-
tion generally is contained within the vicinity of 8 pixels, assuming an
isotropic source model [1].

II. 2D DISCRETE COSINE TRANSFORM

The DCT transforms vectors, x, by multiplying them with a static
transformation matrix, D, which consists of cosine basis functions as
its rows. For image applications (2D), the resulting coefficients are
multiplied with the transpose of D in order to transform along the
second dimension.

Y = DXD
T (1)

Di,j =
ci

2
cos
(

2j + 1

16
iπ

)
(2)

ci =

{
1
√

2
, if i = 0

1, otherwise
(3)

where X are the 2D source vectors, Y are the transformed vectors
and Di,j is the (i, j)th element of the transformation matrix. The
transformation matrix of the DCT contains no terms related to a source
statistic such as covariance. Therefore the transformation matrix is
static and applied to all vectors.



2 MICROELECTRONIC ENGINEERING RESEARCH CONFERENCE 2003

MSE

min

m

m m

−1

−1

−1

µ

+

+

+

+

+

+
µ

−

−

−

+

+

+

DCT

image

µ

µ

m

1/σ σ

µ

µ

m1/σ σm

1/σ σ1

2

1

2

1

2

1

2

BQ

BQ

BQ

BQ

BQ

BQ

1

2

1

2

yx

ŷ

Fig. 3. Low Complexity GMM-DCT Block Quantiser (BQ – block quantiser)

III. PDF ESTIMATION USING GAUSSIAN MIXTURE MODELS

GMMs can be used for modelling any arbitrary distribution using
multivariate Gaussians as basis functions. The PDF model, P , to
be estimated is represented by a mixture of multivariate Gaussians
N (y; µ;Σ)

P (Y |λ) =

m∑

i=1

ciN i(y; µi;Σi) (4)

λ = [m, ci, . . . , cm, µ1, . . . , µm, Σ1,

. . . , Σm] (5)

N (y; µ;Σ) =
1

(2π)
n
2 |Σ|

1
2

e
−

1
2
(y−µ)T

Σ
−1(y−µ) (6)

where Y are the vectors of transform coefficients, m is the number
of mixtures, and n is the dimension of the vectors. λ is the set of
model parameters consisting of ci, µi,Σi which are the weight, mean,
and covariance matrix of the ith mixture respectively. Note the words
‘mixture’ and ‘cluster’ will be used interchangeably in this paper.

The parametric model, represented by parameters, λ, is initialised
by applying the K-means algorithm on the training vectors where m

clusters are produced, each represented by a mean, µ, a covariance
matrix, Σ, and cluster weight, c. These form the initial parameters for
the GMM estimation procedure. Using the Expectation Maximisation
(EM) algorithm, the maximum-likelihood estimate of the parametric
model is computed iteratively until there is convergence of the log like-
lihood where a final set of means, covariance matrices, and weights are
produced. Since the GMM parameters for the estimated PDF are prop-
erties of the source and thus independent of the bit rate, this procedure
only needs to be done once and stored for later use [9].

IV. BIT ALLOCATION

There are two types of bit allocation that are required: intercluster
bit allocation and intracluster bit allocation. Since the bit allocation is
not a computationally expensive procedure, it can be done ‘on-the-fly’
depending on the chosen bit rate.

A. Intercluster Bit Allocation

With intercluster bit allocation, quantiser levels need to be assigned
to each of the m clusters depending upon to the covariance and prob-
ability of that cluster. If the GMM is viewed a composite Gaussian
source where each vector is generated by one of the m clusters, then
the cluster weights calculated from the EM algorithm also represent
the cluster probabilities [9]. For a fixed-rate quantiser, the total num-
ber of quantiser levels is fixed [9]:

2btot =

m−1∑

i=0

2bi (7)

where btot is the total number of bits in the bit budget, bi is the number
of bits assigned to cluster i, and m is the number of clusters. The
average distortion is approximated by:

Dtot =

m−1∑

i=0

ciDi(bi) (8)

The high resolution approximation2 for the distortion of a single
Lloyd-Max scalar quantiser from an n-component block quantiser op-
erating on Gaussian sources is given by:

Di(bi) = nKΛi2
−2

bi
n (9)

Λi =

(
n−1∏

j=0

λi,j

) 1
n

(10)

for i = 0, 1, . . . , m − 1

where n is the dimension of the vectors, m is the number of clusters,
λi,j is the jth variance of cluster i, and K is a constant which is ap-
proximately equal to π

√

3
2

for Gaussian sources.
Using Lagrange multipliers, the average distortion can be minimised

under the fixed rate constraint of (7), and the following bit allocation
formula is derived:

2bi = 2btot
(ciΛi)

n
n+2

∑m−1

i=0
(ciΛi)

n
n+2

, (11)

for i = 0, 1, . . . , m − 1

where ci is the weight of cluster i.

B. Intracluster Bit Allocation

After the bits are allocated to each cluster, further bit allocation is
performed to assign bits to each of the n components. Following the
derivation presented in [3], the total number of bits is fixed:

bi =

n−1∑

j=0

bi,j , for i = 0, 1, . . . , m − 1 (12)

where bi,j is the number of bits assigned to component j of cluster i.
Again, using the high resolution approximation for the distortion of a
Lloyd-Max scalar quantiser, the average distortion of cluster i is given
by:

Di =
1

n

n−1∑

j=0

Kλi,j2
−2bi,j (13)

2One of the two asymptotic results in quantisation theory, high resolution
approximations assumes very high bitrates and very finely spaced quantiser
levels [2].
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for i = 0, 1, . . . , m − 1

Using Lagrange multipliers, the average distortion is minimised under
the fixed rate constraint of (12) and the following bit allocation formula
is derived:

bi,j =
bi

n
+

1

2
log2

λi,j

(∏n−1

j=0
λi,j

) 1
n

(14)

for i = 0, 1, . . . , m − 1

V. LOW COMPLEXITY GMM-DCT BLOCK QUANTISER

The modified GMM block quantiser is shown in Fig. 3. To quan-
tise a DCT coefficient vector, y, using a particular cluster i, the cluster
mean, µi, is subtracted and then divided by the standard deviation, σi,
and quantised using a set of n Gaussian Lloyd-Max scalar quantisers
(represented as BQ in Fig. 3) as described in [3] with their respective
bit allocations. The indicies from the quantiser are decoded, multi-
plied by the standard deviation and the cluster mean added back to
give the approximated transform vector, ŷi. The distortion between
this quantised DCT vector and original DCT vector is then calculated,
d(y − ŷi). For image applications, the simplest distortion measure is
mean squared error (MSE). The above procedure is performed for all
clusters in the system. The cluster i which produces the vector, ŷi,
that is the least distorted is chosen as the best quantiser and that vector
is transmitted as ŷ.

In order for the decoder to determine which cluster was used to
quantise a particular vector, the cluster number in the form of side
information must be present. Rather than explicity sending the cluster
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Fig. 6. Comparing D-R Performance of GMM-DCT with GMM-KLT coders
for boat512.raw (512 x 512)

number to the decoder, an elegant way of encoding this side informa-
tion implicitly as well as the transmission of quantiser levels is given
in [8]. The entire quantiser level range is partitioned to each of the
clusters and vectors that belong to one cluster can only take on code-
words within that partition. Fig. 5 shows a simple example of a 2 clus-
ter system. The bit budget is 3 bits which corresponds to 8 quantiser
levels. Vectors which were coded using cluster 1 take on the binary
codewords 000, 001, 010, 011, 100 while those coded with cluster 2
can take on the codewords, 101, 110, 111. The decoder decides which
cluster to use for a particular vector by determining which partition the
codeword falls into.

VI. ADVANTAGES OF USING THE DCT OVER THE KLT

The discrete cosine transform (DCT) is a good suboptimal alter-
native to the KLT since it possesses similar decorrelation and energy
compaction properties for first-order Markov processes with exponen-
tial correlation [6]. Thus replacing the KLT with a DCT as a decorre-
lator should only incur a slight degradation on the performance.

The rows of the transformation matrix used in the KLT consists of
the eigenvectors which are dependent on the source statistics. There-
fore in an m-cluster GMM-KLT coder, m-KLTs and m-inverse KLTs
need to be performed during the coding process. On the other hand,
the transformation matrix of the DCT consists of a set of cosine ba-
sis functions which are source-independent. This removes the need
for separate transformation operations for each cluster. Also, since the
transform space is common for every cluster, Euclidean distances will
be the same, hence MSE distortion can be calculated in the DCT do-
main, removing the need for inverse DCTs. In other words, only one
DCT operation needs to be performed in the entire coder, thereby re-
ducing the transformation complexity of the coder by 2m times. Since
the transformation operation is independent of the number of clusters,
then more clusters can be used to make up for the loss in performance,
which would have otherwise been computationally exorbitant if the
source dependent KLT were used.

VII. EXPERIMENTAL RESULTS

The training set consists of 14 images of various sizes (128, 256,
512). This totals to 28928 vectors of dimension 8 × 8. Lloyd-Max
scalar quantisers of up to 256 levels (8 bits) were used. The number
of clusters was varied (2, 4, 8, 16) and 20 iterations of the EM algo-
rithm were performed. Fig. 4 shows the distortion-rate characteristic
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of the GMM-DCT block coder on the image ‘boat’, which is an 8-bit
greyscale image of size 512 × 512. Additionally, this image was not
part of the training set. The results for a single Gaussian block coder
are also presented as a benchmark. This benchmark coder is similar
to the one proposed in [3] except that a DCT is applied, rather than a
KLT.

Fig. 4 shows that the PSNR of the GMM-DCT coder is at least 2
to 5 dB better at medium bit rates (around 1 bpp) and 1 to 3 dB better
at low bit rates (around 0.3 bpp) than the DCT-based transform coder
which makes the Gaussian PDF assumption. As the number of clusters
is increased, considerable performance gains are realised since with
more mixtures, the true PDF of the training data set is estimated better
than with a lesser number of mixtures. However, the gains achieved by
more accurate modelling of the PDF are compromised by the amount
of intrinsic side information that increases as more clusters are used.
This is considerably noticeable at very low bit rates (less than 0.1 bpp)
where the GMM-DCT coder is performing worse than the basic DCT
block coder due to the increased influence of the effective bits required
to identify clusters.

A further comparison is shown in Fig. 6 where the GMM-DCT
block coder is compared with the GMM-KLT block coder of [7] for
4 clusters as well as the standard Gaussian DCT and KLT coders. It
can be seen that as expected, the DCT coders always perform slightly
below that of the KLT (≤ 0.76 dB). However, this slight performance
degradation is justified by the considerable computational reduction
resulting from the use of the DCT.

Figs. 7 and 8 show ‘zoomed-in’ parts of the original images, ‘boat’
and ‘goldhill’ which are both 8 bit greyscale images of size 512× 512
as well as the compressed versions. It can be seen that the traditional
block quantiser which assumes the source PDF to be a single Gaussian
produces a lot of ‘grainy’ distortion. When the source PDF is mod-
elled as a 2 cluster GMM, the ‘graininess’ is reduced, especially in
the smooth regions while most of the ‘blockiness’ appears around the
edges. Increasing the GMM to 8 clusters allows it to more accurately
model the source PDF. As expected, this further reduced the distortion.

Finally, the computational times of the low complexity GMM-DCT
block quantiser and optimal GMM-KLT block quantiser were com-
pared on an Intel Pentium 4 system clocked at 2.4 GHz. At 0.5 bpp
and 8 clusters, the GMM-KLT block quantiser took on average 30.5
seconds to quantise 49152 vectors of dimension 64 while the GMM-
DCT block quantiser took on average 7.5 seconds.

VIII. CONCLUSION

The GMM-DCT block image coder presented in this paper has
shown that the modelling of DCT coefficients using GMMs leads to
performance gains of 2–5 dB at medium bit rates and 1–3 dB at low
bit rates over DCT coders which assume the PDF to be a Gaussian.
This demonstrates the same advantages of designing block quantisers
which adapt to the true PDF of the source as was seen in the previous
KLT-based approaches. Utilising the source independent nature of the
DCT, the resulting coder is computationally simpler than the optimum
GMM-KLT coder with a slight performance degradation of at most
0.76 dB.
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