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Abstract
In this paper we present an eﬃcient way of computing principal component analysis (PCA). The algorithm ﬁnds the desired number
of leading eigenvectors with a computational cost that is much less than that from the eigenvalue decomposition (EVD) based PCA
method. The mean squared error generated by the proposed method is very similar to the EVD based PCA method.
 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Principal component analysis (PCA) ﬁnds a linear transformation u which reduces d-dimensional feature vectors
to h-dimensional feature vectors (where h < d) in such a
way that the information is maximally preserved in minimum mean squared error sense. This linear transformation
is known as PCA transform or Karhunen-Loéve transform
(KLT) (Fukunaga, 1990). It can also reconstruct h-dimensional feature vectors back to the d-dimensional feature
vectors with some ﬁnite error known as reconstruction
error. The PCA is mostly used in compression and reconstruction of high dimensional feature vectors. Since the
transformation is from d-dimensional feature space to hdimensional feature space and vice versa the size of u is
d · h. The h column vectors are the basis vectors. The ﬁrst
basis vector is in the direction of maximum variance of the
given feature vectors. The remaining basis vectors are
mutually orthogonal and, in order, maximize the remaining
variances subject to the orthogonal condition. Each basis
vector represents a principal axis. These principal axes
are those orthonormal axes onto which the remaining vari*
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ances under projection are maximum. These orthonormal
axes are given by the dominant/leading eigenvectors (i.e.
those with the largest associated eigenvalues) of the measured covariance matrix. In PCA, original feature space
is characterized by these basis vectors and the number of
basis vectors used for characterization is usually less than
the dimensionality d of the feature space (Sharma et al.,
2006).
The computation of PCA requires eigenvalue decomposition (EVD) of the covariance matrix of the feature vectors. One well-known EVD method is the Cyclic Jacobi’s
method (Golub and van Loan, 1996). The Jacobi’s method
which diagonalizes a symmetric matrix requires around
O(d3 + d2n) computations (Golub and van Loan, 1996)
(where n is the number of feature vectors or samples used).
This computation in many applications (e.g. ﬁxed-point
implementation) is undesirable. A number of methods have
been proposed in the literature for computing the PCA
transform with reduced computational complexity. Reddy
and Herron (2001) proposed modiﬁcation to Jacobi’s
method which favours ﬁxed-point implementations. Their
computational complexity is, however, still of order O(d3)
for each symmetric rotation (assuming symmetric matrix
of size d · d is previously computed). Basically the
improvement in computational complexity is negligible.
Roweis (1997) proposed expectation maximizing (EM)
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algorithm for PCA, which is computationally eﬀective than
EVD method for PCA. But this technique uses EM algorithm which could be expensive in time. It also requires
matrix inverse1 computation in both the E-step and M-step
for each of the iteration, which is an expensive exercise.
Furthermore, EM algorithm does not converge to a global
maximum; it achieves only a local maximum and thus the
choice of the initial guess used in the algorithm becomes
crucial. The power method (Schilling and Harris, 2000) is
also used to ﬁnd leading eigenvector which is less expensive
method but can compute only one most leading eigenvector. Another method is snap-shot algorithm (Sirovich,
1987) which does not explicitly compute sample covariance
matrix, however, requires matrix inversion and is based on
the assumption that the eigenvectors being searched are linear combinations of feature vectors.
In this paper we present a computationally-fast technique for ﬁnding the desired number of leading eigenvectors without diagonalizing any symmetric matrix. Thus it
avoids Cyclic Jacobi’s method for eigendecomposition.
We have used the ﬁxed-point algorithm (Hyvärinen and
Oja, 1997) to ﬁnd all the h leading eigenvectors which
converges in just a few iterations without the need of any
initial setting. Furthermore, it is free from matrix inverse
computations. As a result, the presented algorithm is computationally eﬃcient, consumes very small amount of computation time and is very easy to implement. For brevity we
call this method Fast PCA. This Fast PCA generates
approximately the same amount of mean squared error
as that generated by EVD based PCA method.
2. PCA revisited
In this section PCA has been revisited to obtain a ﬁxedpoint PCA transform. The PCA transform can be found by
minimizing mean squared error. To see this, let the feature
vector be x 2 Rd (d-dimensional space), reduced dimensional feature vector be y 2 Rh and reconstructed feature
^ 2 Rd . Then the mean squared error can be repvector be x
resented as
^ k2 
MSE ¼ E½kx  x

ð1Þ

where E [•] is the expectation operation with respect to x
and k • k2 is the norm squared value. We know that PCA
transformation u is of size d · h and it is used to do dimensionality reduction from d-dimensional space to h-dimensional feature space, i.e. u:x ! y or y = uTx. It should be
noted that in this transformation, x is assumed to be zero
mean, if mean is not zero then y can be represented as
y ¼ uT ðx  lÞ

ð2Þ

where l = E[x]. Given y(from Eq. (2)) one can simply
transform it back to the original feature space with some
1

Note that the matrix inversion scales as the cube of the matrix size.

ﬁnite reconstruction error. Applying back transformation
^ as
we get reconstructed vector x
^ ¼ uy þ l
x

ð3Þ

Substituting Eq. (2) in Eq. (3) we get
^ ¼ uuT ðx  lÞ þ l
x

ð4Þ

Eq. (1) can be rewritten by utilizing Eq. (4) as
2

MSE ¼ E½kðI dd  uuT Þðx  lÞk 

ð5Þ

The desired h basis vectors of u span the d-dimensional
subspace and are mutually orthonormal, i.e. uTu = Ih·h.
Using the orthonormality condition Eq. (5) can be further
simpliﬁed as
MSE ¼ E½gðu; xÞ
where g(u, x) is a scalar function and is given by
T

gðu; xÞ ¼ ðx  lÞ ðI dd  uuT Þðx  lÞ
From Appendix I we can write the derivative of E[g(u ,x)]
with respect to u as
o
E½gðu; xÞ ¼ 2E½ðx  lÞðx  lÞT u
ou

ð6Þ

Given Eq. (6) and the orthonormality condition of u we
can apply ﬁxed-point algorithm (Hyvärinen and Oja,
1997) to solve for the values of u i.e.
T

u

E½ðx  lÞðx  lÞ u

u

orthonormalize ðuÞ

ð7Þ

Note that the negative sign is removed from Eq. (7) since u
and u deﬁne the same direction. Moreover, since the
expectation is with respect to x, transformation u is taken
out of it. The algorithm can also be represented as
u
u

Rx u
orthonormalize ðuÞ

where Rx = E[(x  l)(x  l)T] is the covariance of x.
The orthonormalization of u can be done by using
Gram-Schmidt orthonormalization procedure. Thus the
computation of h eigenvectors does not require eigenvalue
decomposition procedure. This means that the Cyclic
Jacobi’s method can be altogether avoided for eigendecomposition. This would certainly reduce the computation
complexity in ﬁnding eigenvectors for PCA. Furthermore,
use of ﬁxed-point algorithm converges the algorithm very
fast in just a few iterations without the need of any prior
knowledge of the learning rate/step size or initial settings
as per required by the gradient descent based and/or EM
based methods. The next section depicts the iterative algorithm for computing eigenvectors for PCA.
3. Fast PCA algorithm
One way to compute all the h orthonormal basis vectors
is to use Gram-Schmidt method. The most dominating/
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Table 1
Fast PCA algorithm for computing leading eigenvectors

4. Simulation results

1. Choose h, the number of principal axes or eigenvectors required
to estimate. Compute covariance Rx and set p 1
2. Initialize eigenvector up of size d · 1 e.g. randomly
3. Update up as up
Rxup
4. Do the Gram-Schmidt orthogonalization process

To verify the performance of the Fast PCA method in
terms of processing time and mean squared error we have
compared it with the performance of EVD based method
for PCA. For the processing time, the cputime2 is evaluated
while increasing the data dimensionality. Similarly, mean
squared error is evaluated while increasing the data dimensionality. We have generated uniformly distributed random
vectors of dimensions starting from 100 and going up to
4000. The number of samples or feature vectors is ﬁxed
and is 100. The dimension is reduced to h = 10 in all the
cases and the tolerance (Eq. (8)) is set to 0.01 in the veriﬁcation of the algorithm.
Fig. 1 is illustrating mean squared error for both the
methods as a function of data dimensionality. In the ﬁgure
‘+’ sign indicates PCA using EVD method and ‘.’ sign indicates Fast PCA method. It can be observed that the errors
generated by both the methods are very close to each other
for all the data dimensions. From this it can be inferred
that the diﬀerence in performance of these methods in
terms of the mean squared error is negligible.
Fig. 2 depicts the cputime consumed in ﬁnding the h
leading eigenvectors for both the methods as a function
of data dimensionality. The data dimensions from 100 to
1000 are illustrated in Fig. 2 and dimensions from 2000
to 4000 are illustrated in Table 3. It is evident from
Fig. 2 that cputime curve for EVD based PCA increases
exponentially as the data dimensionality is increased.
Moreover, from Table 3 cputime for dimensions above
2000 are very expensive for EVD based PCA method and
may restrict practical applications which involve such high
dimensions. For dimension 4000 the EVD based PCA
method is consuming around 1413 cputime in seconds to
ﬁnd 10 leading eigenvectors. On the other hand, it can be
observed from Fig. 2 as well as from Table 3 that the cputime for Fast PCA method is very economical for all the
dimensions. Even for data dimensionality 4000, cputime
is only 7.53 s, which is extremely low as compared to
EVD based PCA method. Thus Fast PCA can also be eﬃciently used for high dimensional applications.
It appears from Fig. 2 that the complexity curve for Fast
PCA is approximately linear. However, it is the presence of
the complexity curve of EVD based PCA method that
increases relatively rapidly which creates this appearance.
The complexity curve for Fast PCA has been shown in
Fig. 3 separately to depict that it indeed approximately follows O(d2) complexity.
It can be concluded from Fig. 2 and Table 3 that the
Fast PCA method is highly eﬃcient in ﬁnding the leading
eigenvectors in terms of time due to its reduced computational complexity. We have also tested (not shown in this
paper) the Fast PCA algorithm for h = 100 and we found

up

up 

p1
X
ðuTp uj Þuj
j¼1

5. Normalize up by dividing it by its norm: up up/kupk
6. If up has not converged, go back to step 3
7. Increment counter p p + 1 and go to step 2 until p equals h

leading eigenvector or principal axis will be measured ﬁrst.
Similarly, all the remaining h  1 basis vectors (orthonormal to the previously measured basis vectors) will be measured one by one in a reducing order of dominance. The
previously measured (p  1)th basis vectors will be utilized
for ﬁnding the pth basis vector. The algorithm for pth basis
vector will converge when the new and old values up point
T
þ
in the same direction i.e. uþ
p up  1 (where up is the new
value of up). It is usually economical to use a ﬁnite tolerance error to satisfy convergence criteria
T

absðuþ
p up  1Þ < e

ð8Þ

where e is a predeﬁned tolerance or threshold and abs(•) is
the absolute value. The Fast PCA algorithm is illustrated in
Table 1.
3.1. Computational complexity of the algorithm
Let L be the number of iterations used in converging the
algorithm for up and n be the number of samples used.
Then the estimated computational complexity is given in
Table 2.
The value of L is quite small (usually 2–5) and therefore
the computational complexity can be estimated to be
O(d2h + d2n). If dimension d is large compared to h and n
then computational complexity can be estimated to be
O(d2).

Table 2
Computational complexity of the algorithm
Major processing steps involved in the
algorithm

Computational complexity

Covariance Rx (step 1)
Gram-Schmidt orthogonalization for up
(pth basis vector)
Gram-Schmidt orthogonalization for all
p = 1 . . . h basis vectors
Updating process for all p = 1 . . . h basis
vectors (step 3)
Total estimated

O(d2n)
O(dpL)
O(dh2L)
O(d2hL)
O(d2hL + d2n)  O(d2h + d2n)

2
cputime is a MATLAB keyword that returns the CPU time in seconds
for any process.
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Fig. 1. Mean squared error for PCA using EVD and Fast PCA as a function of data dimensionality.
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Fig. 2. cputime for PCA using EVD method and Fast PCA method as a
function of data dimensionality from 100 to 1000.

Fig. 3. cputime for Fast PCA method as a function of data dimensionality
from 100 to 1000.

Table 3
cputime for PCA using EVD method and Fast PCA method as a function
of data dimensionality from 2000 to 4000

PCA method. The mean squared error provided by proposed method is also very close to the MSE provided by
EVD based PCA method.

Data
dimensionality

EVD based PCA method
(cputime in seconds)

Fast PCA method
(cputime in seconds)

2000
3000
4000

153.26
531.56
1413.72

2.28
5.30
7.53

that it is still very economical than EVD based PCA
method.
5. Conclusion
In this paper we have presented a method (called Fast
PCA) for computing the PCA transformation with reduced
computational cost. This Fast PCA method utilizes ﬁxedpoint algorithm. The proposed method is compared with
the EVD based PCA method. It was seen that the Fast
PCA method is computationally eﬀective and economical
in ﬁnding small number of leading eigenvectors or orthonormal axes for PCA as compared to the EVD based

Appendix I
Lemma 1. Let the scalar function g(u, m) = mT(Id·d  uuT)m
be a differentiable function of a d · h rectangular matrix u
such that h < d. Suppose m is any vector of size d · 1. Then
the gradient of g(u, m) is defined as $ug(u,m) =  2mmTu.

Proof 1. The scalar function g(u,m) can be simpliﬁed as
g(u,m) = mTm  mTuuTm. Its derivative with respect to u is
given as
ogðu; mÞ ¼ trace½oðmT mÞ  trace½oðm T uuT mÞ
¼ ftrace½m T ouuT m þ trace½mT uouT mg
¼ 2 trace½mmT uouT 
f*trðAT Þ ¼ trðAÞ and
or

trðABÞ ¼ trðBAÞg
T

ru gðu; mÞ ¼ 2 mm u:
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