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The direct linear discriminant analysis (DLDA) technique is a well known technique for dimensionality
reduction. It can overcome the small sample size problem. However, its performance is limited. In this
paper we address its drawbacks and propose an improvement of the DLDA technique. The experiment
is conducted on several DNA microarray gene expression datasets and the performance (in terms of clas-
sification accuracy) of the proposed improvement of the technique is reported at 91.1% which is very
promising.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Direct linear discriminant analysis (DLDA) is an important
dimensionality reduction technique for solving small sample size
problem (Yu and Yang, 2001). In the DLDA method, the dimension-
ality is reduced in two stages. In the first stage, a transformation
matrix is computed to transform the training samples to the range
space of SB. In the second stage, the dimensionality of this trans-
formed samples is further transformed by some regulating matri-
ces. The benefit of DLDA technique is that it does not require PCA
transformations to reduce the dimensionality as required by other
techniques like Fisherface (or PCA + LDA) technique (Swets and
Weng, 1996; Belhumeur et al., 1997). Though several extensions
of DLDA technique (Song et al., 2007; Lu et al., 2003; Lu et al.,
2005) have been reported in the literature, there still exist some
important aspects in regards to its performance.

In the first stage of the DLDA technique the transformation ma-
trix is computed by weighting the eigenvectors of the range space
of SB with the inverse eigenvalues of the range space of SB. Theoret-
ically, there are two main drawbacks of this procedure: (1) the null
space of SB is ignored in this stage; and (2) since the inverse of the
eigenvalues of SB are utilized in the computation operation, the
eigenvectors corresponding to larger eigenvalues of SB are de-
emphasized which are more useful in discriminant analysis. In
the second stage the dimensionality is reduced to some value h
by choosing h eigenvectors of the within-class scatter matrix ŜW

(of the transformed training samples) corresponding to the lowest
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eigenvalues. This stage also requires inverse computation of the
eigenvalues of ŜW which has a drawback that zero eigenvalues of
ŜW may exist which could cause problem in finding its inverse.

In this paper, we propose an improved DLDA technique which
addresses these drawbacks of DLDA technique. In the improved
DLDA technique we first decompose SW matrix into its eigenvalues
and eigenvectors instead of SB matrix as of DLDA technique. Here
we utilize both its null space and range space information by
approximating S�1

W by a well deterministic substitution. Then we
diagonalize SB matrix using regulating matrices. The proposed
improvement has been experimented on several DNA microarray
gene expression datasets and significant advancement (in terms
of classification accuracy) over DLDA technique has been observed.
2. The DLDA technique

In order to describe the DLDA technique, we first define some
notations. Let v

��
be a set of n training vectors (samples or patterns)

in a d-dimensional feature space, X = {xi: i = 1, 2, . . . , c} be the fi-
nite set of c states of nature or class labels where xi denotes the
ith class label. The set v

��
can be subdivided into c subsets

v
��

1;v
��

2; . . . ;v
��

c where each subset v
��

i belongs to xi and consists of
ni number of samples such that:

n ¼
Xc

i¼1

ni

The training samples or patterns of set v
��

can be written as:

v
��
¼ fx1;x2; . . . ;xng where xj 2 Rd

�� �� �� �� �� ��

vi � v and v1 [ v2 [ . . . [ vc ¼ v
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Let lj be the centroid of v
��

i and l be the centroid of v
��

, then the be-
tween class scatter matrix is given as:

SB ¼
Xc

j¼1

njðlj � lÞðlj � lÞT ð1Þ

It can be observed from Eq. (1) that SB is the sum of c matrices of
rank one or less, and because only c � 1 of these are independent,
the rank of SB is b = rank(SB) 6 c � 1 (Duda and Hart, 1973).

The within-class scatter matrix which is the sum of c scatter
matrices can be defined by:

Sw ¼
Xc

i¼1

Si

where Si ¼
P

x2v
��

i
ðx� liÞðx� liÞ

T

The rank of Sw (for n P c) is:

rankðSwÞ 6 n� c

Let SB ¼ HBHT
B then from SVD of HB we get:

UTSBU ¼ D2
B ð2Þ

where DB ¼
KB 0
0 0

� �
and KB e Rb�b

Let U = [Ur, Un] where eigenvectors Ur e Rd�b corresponds to the
range space of SB (i.e., KB) and eigenvectors Un e Rd�(d�b) corre-
sponds to the null space of SB.

In the first stage of DLDA technique, the transformation matrix
is computed as follows. The eigenvectors corresponding to the null
space of SB are discarded which would modify Eq. (2) as:

UT
r SBUr ¼ K2

B ð3Þ
or K�1

B UT
r SBUrK

�1
B ¼ Ib�b ð4Þ

The transformation UrK
�1
B is used to transform Sw matrix as:

Ŝw ¼ K�1
B UT

r SwUrK
�1
B ð5Þ

In the second stage of the technique the transforms are regulated as
follows. Let the eigenvalue decomposition of Ŝw be FR2

wFT, then we
can write R2

w as:

FTŜwF ¼ R2
w

or R�1
w FTŜwFR�1

w ¼ Ib�b ð6Þ

The value of Ŝw (from Eq. (5)) can be substituted in Eq. (6), we will
get:

R�1
w FTK�1

B UT
r SwUrK

�1
B FR�1

w ¼ Ib�b

Therefore the orientation matrix W e Rd�b of DLDA technique can
be given as:

W ¼ UrK
�1
B FR�1

w ð7Þ
3. Drawbacks of DLDA technique

In this section we discuss the drawbacks of DLDA technique. It
can be seen from Eq. (3) that only the range space of SB is retained
in the computation process and its null space has been discarded.
The null space of SB could also have crucial information useful for
classification (see Appendix A for experimental details). Discarding
the null space of SB would reduce the inherited information and
subsequently the discriminant power would reduce.

Next drawback is the inverse operation of the eigenvalues of SB

in Eq. (4). The multiplication of K�1
B with Ur would deemphasize

the eigenvectors corresponding to larger eigenvalues of SB (Song
et al., 2007). This operation may adversely affect the classification
performance.
Furthermore, the next drawback is due to the inverse operation
of Rw in Eq. (6) as it cannot be guaranteed that all the eigenvalues
of Ŝw are non zero. The zero values in Rw may cause problem in
finding its inverse.
4. Improved DLDA technique

The improved DLDA technique can be described in two stages.
In the first stage, the Sw matrix is decomposed into its eigen-
values and eigenvectors instead of SB matrix as of DLDA tech-
nique. Here the range space of Sw and the null space of Sw are
used for further processing. In order to use both the spaces, we
approximate the inverse of the square root of eigenvalues of Sw

with a well deterministic substitution. In the inverse computation
of the eigenvalues of Sw the small eigenvalues become large and
the large eigenvalues become small. To get this inverse realiza-
tion, we substituted the inverse operation by the subtraction
operation as follows. The square root of eigenvalues of Sw is sub-
tracted from a I, where a is the largest square root of eigenvalue
of Sw and I is an identity matrix of the size of Sw. This will give a
matrix Da. The matrix Da is the substitution of the inverse of
square root of eigenvalues of Sw. This operation has an advantage
over the DLDA technique (where the null space of SB has been
discarded) as the null space of SB is not discarded therefore some
information crucial for discriminant analysis will be retained. Sec-
ondly, K�1

B is not used to weight eigenvectors of SB which avoids
the instance of deemphasizing the eigenvectors corresponding to
larger eigenvalues of SB. In the second stage, the SB matrix is diag-
onalized using the regulating matrices which would give the ori-
entation matrix (of the improved DLDA technique) W. This
process does not require the inverse computation of diagonal ma-
trix Rw, therefore zero values of diagonal matrix would not cause
any problem. The mathematical description of the improved
DLDA technique is given as follows.

The matrix Sw is decomposed as:

Sw ¼ UwD2
wUT

w; where Uw 2 Rd�d and Dw 2 Rd�d

which will give

UT
wSwUw ¼ D2

w ð8Þ

where Dw ¼
Kw 0
0 0

� �
and Kw e Rw�w (w = rank(Sw))

If Sw is a full rank matrix (i.e., w = d) then Eq. (8) can be further
decomposed as:

D�1
w UT

wSwUwD�1
w ¼ Id�d ð9Þ

But since w < d, D�1
w is not possible. So we want to approximate the

inverse of Dw with a matrix Da. In order to investigate Da, we rep-
resent the square root of eigenvalues of Sw (i.e., diagonal elements
of Dw) as [r1, r2, . . . , rw, rw+1, . . . , rd] where rj = 0 for
j = w + 1, . . . , d. If the square root of eigenvalues are arranged in
descending order then r1 > r2 > � � � > rw > rw+1 = � � � = rd. The square
root of eigenvalues of the inverse of Sw can be given as:

1=r1 < 1=r2 < . . . < 1=rw < 1=rwþ1 ¼ . . . ¼ 1=rd ð10Þ

where 1/rj ?1 for j = w + 1, . . . , d which are undesirable terms. To
get the inverse realization of Dw we need to do two things in Eq.
(10), (1) maintain the order qualitatively, and (2) replace undesir-
able terms. To satisfy both the requirements we execute subtraction
operation as follows:

b� r1 < b� r2 < . . . < b� rw < b� rwþ1 ¼ . . . ¼ b� rd ð11Þ

where b = pa and p is any positive quantity. Substituting qj = b � rj

in Eq. (11), we get:



Table 1
Implementation of improved DLDA technique.

Step 1. Decompose Sw into its eigenvalues and eigenvectors, i.e.,

Sw ¼ UwD2
wUT

w

Step 2. Find a = max(diag(Dw)) and hence compute Da = aId�d � Dw

Step 3. Use Da and Uw to diagonalize SB, i.e., DaUT
wSBUwDa ¼ FR2FT,

where F = [Fr, Fn] such that Fr corresponds to the range space of
SB and Fn corresponds to the null space of SB

Step 4. Compute orientation matrix W = UwDaFr to project samples into
the reduced dimensional feature space

Table 2
DNA microarray gene expression datasets used in the experimentation.

Datasets Class Dimension Number of
training
samples

Number of
testing
samples

Acute leukemia
(Golub et al.,
1999)

2 7129 38 34

ALL subtype (Yeoh
et al., 2002)

7 12,558 215 112

Breast cancer (van’t
Veer, 2002)

2 24,481 78 19

Lung
adenocarcinoma
(Beer et al., 2002)

3 7129 44 23

Lung cancer (Gordon
et al., 2002)

2 12,533 32 149

MLL leukemia
(Armstrong et al.,
2002)

3 12,582 57 15

Prostate tumor
(Singh et al.,
2002)

2 12,600 102 34

SRBCT (Khan et al.,
2001)

4 2308 63 20

Table 3
Classification accuracy (in percentage) on the DNA microarray gene expression
datasets.

Database DLDA OLDA PCA + LDA
technique

Improved
DLDA

Acute leukemia 97.1 97.1 100 100.0
ALL subtype 93.8 86.6 80.4 93.8
Breast cancer 42.1 57.9 73.7 73.7
Lung

adenocarcinoma
78.1 81.3 81.3 87.5

Lung cancer 72.5 98.0 63.1 97.3
MLL leukemia 100.0 100.0 100 100.0
Prostate tumor 73.5 73.5 73.5 76.5
SRBCT 80.0 100.0 100 100.00

Average 79.6 86.8 84.0 91.1
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q1 < q2 < . . . < qw < qwþ1 ¼ . . . ¼ qd

Since SW is positive semi-definite matrix, the values of qj P 0 for
j = 1, . . . , d. To estimate the value of b, we need to select the value
of p. If the value of p < 1 then it will give at least one qj for which
qj < 0. This will violate the properties of positive semi-definite ma-
trix SW. The other option is to take p P 1. In this work we have se-
lected the value of p to be 1 and verified our selection empirically.
The performance on this selection obtained was quite promising
when compared with DLDA and other techniques. One can, how-
ever, select a value of p > 1 using cross-validation on training sam-
ples which might improve the performance even further. In our case
it seems sufficient to use p = 1 as it satisfies both the requirements
for the inverse realization of Sw matrix. This approximation will give
Da = aId�d � Dw, where a = max(diag(Dw)). The lower eigenvalues
are emphasized in the inverse operation. If the diagonal elements
of Da and Dw are sorted in ascending order (or in descending order)
then the trend of the values of diagonal elements of Da would be
similar to K�1

w and the zero eigenvalues of Dw will be a positive con-
stant in Da.

Furthermore, the lower eigenvalues of Dw are not very stable or
noisy and in the inverse operation these eigenvalues get empha-
sized, augmenting the error due to noise. However, the matrix Da
is obtained from the subtraction operation and hence it has less
chances of emphasizing noisy eigenvalues to a large extent. There-
fore, Da can be assumed to be a robust approximation of D�1

w .
Substituting D�1

w by Da in Eq. (9) we can:

DaUT
wSwUwDa � Id�d

We can now use this Da to diagonalize SB as:

DaUT
wSBUwDa ¼ FR2FT; where R ¼

Kb 0
0 0

� �
;F 2 Rd�d

and Kb 2 Rb�b

Let F = [Fr, Fn] where Fr corresponds to the range space of SB and Fn

corresponds to the null space of SB. Then:

FT
r DaUT

wSBUwDaFr ¼ K2
b ð12Þ

It can be seen from Eq. (12) that the required transform can be given
as:

W ¼ UwDaFr ð13Þ

The orientation matrix W of Eq. (13) can be viewed as the improved
orientation of Eq. (7). Theoretically, the orientation of Eq. (13)
would inherit more information crucial for discriminant purpose.
However, computationally it could be expensive to derive W due
to the large size of Sw. This can be resolved using a preprocessing
step where the feature vectors are first projected onto the lower
dimensional space using the range space of total-scatter matrix ST

(Huang et al., 2002).
The implementation procedure of the improved DLDA tech-

nique is summarized in Table 1.

5. Experimental results

The improved DLDA technique is experimented on DNA micro-
array gene expression data. Eight commonly available datasets are
used. In order to compare the performance (in terms of classifica-
tion accuracy), other techniques (based on similar concepts) like
DLDA, PCA + LDA and OLDA (Ye, 2005) are utilized. For DLDA and
Improved DLDA a preprocessing step is conducted where the fea-
ture space is first transformed to the range space of ST. In all the
cases, the dimension is reduced to c � 1 (where c is the number
of classes) and the nearest neighbour classifier is used to classify
test feature vectors. The description of all the datasets used in
the experimentation is given in Table 2.
The techniques are experimented on all the above mentioned
datasets and their classification accuracies are depicted in Table 3.
There are five columns in Table 3. The first column depicts the
datasets used and the subsequent columns depict the classification
accuracies in percentage for the techniques used for the experi-
mentation. The average classification accuracies by DLDA tech-
nique, PCA + LDA technique and OLDA technique are 79.6%, 84.0%
and 86.8%, respectively. The average classification accuracy by im-
proved DLDA technique is noted to be 91.1%. This experimentation
shows the improved DLDA technique is outperforming other
techniques.

The proposed algorithm is meant for small sample size (SSS)
problem and in this work it is demonstrated on DNA microarray
gene expression datasets. However, the researchers working on
other areas (where SSS problem does exist, e.g., face recognition,
gesture recognition, etc.) can be benefited by this algorithm as well.
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6. Conclusion

In this paper the improved DLDA technique is proposed. The
technique addressed shortfalls of DLDA technique and it has been
observed that the proposed technique outperformed DLDA and
other similar techniques like PCA + LDA technique and OLDA
technique. The experimentation was conducted on eight DNA
microarray gene expression datasets and the improved DLDA tech-
nique produced average classification accuracy of 91.1% which was
much better than the average classification accuracy of the DLDA
technique (79.6%).

Appendix A

In this appendix we explicitly show that the null space of SB

contain some information useful for classification. Here we demon-
strate it experimentally for the cancer classification problem. In or-
der to illustrate this, classification accuracy using the null space of
SB has been given in Table A1. In these experiments, first the data
samples have been transformed to the lower dimensional space by
using the range space of ST as a preprocessing step. Then the null
space of SB has been utilized to do dimensionality reduction. The
nearest neighbour classifier has been used to classify the test fea-
ture vectors.

It can be seen from the above table that though the null space of
SB is less effective, it contain some useful information for cancer
classification.

Table A1. Classification accuracy using the null space of SB.
Database
 Classification accuracy in percentage
using the null space of SB
Acute leukemia
 76.5

ALL subtype
 42.9

Breast cancer
 63.2

Lung cancer
 97.3

MLL leukemia
 33.3

SRBCT
 40.0
Average
 58.9
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