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Abstract

We present a generative factor analyzed hidden Markov model (GFA-HMM) for automatic speech recognition. In a

standard HMM, observation vectors are represented by mixture of Gaussians (MoG) that are dependent on discrete-

valued hidden state sequence. The GFA-HMM introduces a hierarchy of continuous-valued latent representation of

observation vectors, where latent vectors in one level are acoustic-unit dependent and latent vectors in a higher level

are acoustic-unit independent. An expectation maximization (EM) algorithm is derived for maximum likelihood esti-

mation of the model.

We show through a set of experiments to verify the potential of the GFA-HMM as an alternative acoustic modeling

technique. In one experiment, by varying the latent dimension and the number of mixture components in the latent

spaces, the GFA-HMM attained more compact representation than the standard HMM. In other experiments with var-

ies noise types and speaking styles, the GFA-HMM was able to have (statistically significant) improvement with respect

to the standard HMM.
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1. Introduction

In the automatic speech recognition (ASR)

problem, one is presented with multi-dimensional
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data with Dy dimension where it is assumed that

the data is generated from acoustic sources that

are modeled as discrete state q in a hidden Mar-

kov model (HMM) (Rabiner and Juang, 1993).
The transition of the states is assumed to encode

the transition of the speech unit and the content

of the uttered speech can be inferred by the well-

known Viterbi algorithm (Viterbi, 1967). The

task in speech modeling for ASR within the
ed.
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HMM framework is to obtain a compact and

accurate model of the observations. However,

this is a hard problem, since the observation vec-

tor is high dimensional and the elements in the

observation vector contain second as well as
higher order statistical information. Traditional

approaches in modeling speech observations in

an HMM make use of mixture of Gaussians

(MoG) with usually a diagonal covariance matrix

in each state, which implicitly models the intra-

frame correlations.

Despite its pattern recognition appearance, the

speech model in an HMM can be viewed in statis-
tics as a latent representation. In particular, the

discrete state q is the discrete latent representation

of the speech unit and the discrete Gaussian index

m in the MoG is the discrete latent representation

of the density in that state. In this context, it is

therefore natural to describe the Dy dimensional

observation vector y(t) at time t as correlated in

terms of a smaller set of Dx dimensional continu-
ous-valued latent vector x(t). In this case, the most
straightforward description of the continuous-val-

ued latent representation of y(t) is given by the fol-
lowing linear model

ynðtÞ ¼
XDx

l¼1
KnlxlðtÞ þ vnðtÞ; n ¼ 1; . . . ;Dy ; ð1Þ

where yn(t) denotes the nth element in vector y(t) at

time t. The yn(t) depends on linear combination of

elements in x(t) with matrix K ¼ ½Knl�Dy�Dx . The

density of y(t) is also related to the Dy-dimensional

noise v(t) with element vn(t). Note that the problem
in Eq. (1) is general, since without certain con-

straints imposed on the model, the solution is

non-trivial.
In the context of the continuous-valued latent

representation, Eq. (1) presents solutions with

different physical meanings depending on the

different constraints on the model (Roweis and

Ghahramani, 1999; Frey, 1999). In independent

component analysis (ICA) (Comon, 1994; Bell

and Sejnowski, 1995) the constraints are as fol-

lows: (1) vn(t) = 0; i.e., no distortions in observa-
tion (no additive noise) y(t), (2) element xl(t) in

x(t) is independent from each other, and (3) At

most one element xl(t) is Gaussian distributed or
xl(t) has usually a non-Gaussian density. Maxi-

mum likelihood estimation of K leads to the ICA

solution (Pearlmutter and Parra, 1997). Another

interesting related model is independent factor

analysis (IFA) (Attias, 1998). IFA is obtained by
the following constraints: (1) element of x(t),
xl(t), is independent and distributed as non-Gauss-

ian density, (2) v(t) is distributed as diagonal

Gaussian density.

Though advanced algorithms (Bell and Sejnow-

ski, 1995; Attias, 1998; Amari et al., 2000; Car-

doso, 1997; Hyvarinen et al., 2001) have been

derived for signal processing within the framework
of continuous-valued latent representation, there

are few works applied to ASR. One reason is that

the MoG can approximate any observation vector

distribution given a sufficient number of model

parameters and enough training data. Thus, by

increasing the amount of training data and/or

increasing number of model parameters, speech

models by MoGs in HMMs can reach high recog-
nition accuracy for input speech. Due to this

claim, one might expect that the above continu-

ous-valued latent representation may not be useful

in ASR. However, there are several important dif-

ferences in speech recognition research. Firstly, the

number of parameters in the model and the

amount of training data increase monotonically

in order to achieve an improved performance. Sec-
ondly, the larger the number of parameters in a

model, the larger the amount of training data is

needed in order to have accurate estimation of

the parameters. Thirdly, given the amount of

training data, even when the number of parame-

ters is increased, the performance of the model

can easily reach a saturation point. These observa-

tions could give rise to problems in spontaneous
speech recognition since the amount of training

data is not sufficient for a reliable estimation of

all acoustic units. Some heuristically justified ap-

proaches have been applied to address the above

problems, for example, the method of parameter-

tying (Bellegarda and Nahamoo, 1990). But

parameter-tying has its own drawbacks since it

considerably requires some artistry to design the
way to share parameters.

Continuous-valued latent representation can be

useful for modeling speech in a compact way. Note
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that, with the linear model in Eq. (1), density of

y(t) can be modeled by density of x(t), density of
v(t), and parameter K (Rubin and Thayer, 1982).

This motivates the recent application of factor

analysis for speech recognition (Saul and Rahim,
2000). In this case, x(t) is distributed as

NðxðtÞ; 0; IÞ. However, factor analysis can only

explicitly model the correlations of elements in

observation vectors. To model higher order statis-

tics of the observation vectors explicitly, the latent

vector x(t) has to be non-Gaussian as suggested by
ICA (Comon, 1994) and IFA (Attias, 1998).

In this paper, we present a novel speech model
for automatic speech recognition. The key to our

approach lies in the introduction of a hierarchical

continuous-valued latent representation. Observa-

tion vector y(t) is correlated with a model depen-

dent continuous-valued latent vector x(t). Since
elements in vector x(t) depend on the same acous-
tic unit, the elements have correlations. The corre-

lations can be compactly represented by another
continuous-valued latent representation z(t),
which is independent of the acoustic model. In this

paper, the z(t) is distributed as a standard Gauss-
ian NðzðtÞ; 0; IÞ. Noise in the observation vector
y(t) is modeled as a MoG and it depends on the

state qt at time t. This model is called a generative

factor analyzed HMM (GFA-HMM), described

schematically in Fig. 1. The model gives a more
compact representation of intra-frame statistics

than the standard HMM, and it shows improved

performances over the standard HMM given the

same amount of training data.
Fig. 1. Graphical model representation of FA-HMM.
The originality of this new model can be viewed

from the following points. First, compared to the

standard HMM, which represents observation vec-

tors as dependent solely on discrete states/mix-

tures, the GFA-HMM has another continuous-
valued latent representation of the observation

vectors. The latent vector in the continuous-valued

latent representation can be simply modeled by a

standard diagonal Gaussian NðxðtÞ; 0; IÞ, which
reduces the model to HMMs with factorized

covariance matrix (Saul and Rahim, 2000). When

the continuous-valued latent vector x(t) are dis-
tributed as MoG, the model reduces to factor-ana-
lyzed HMM (FA-HMM) proposed in (Rosti and

Gales, 2002). Second, compared to ICA (Comon,

1994; Bell and Sejnowski, 1995) and IFA (Attias,

1998), the continuous-valued latent vectors in the

GFA-HMM is dynamic; i.e., the latent representa-

tion is dependent on state qt at time t. This con-

struction of the model makes much sense in

speech recognition, since speech signals are non-
stationary and the latent representation should

be acoustic-unit dependent.
1.1. Notation

Vectors are denoted by bold-faced lower-case

letters and matrices are denoted by bold-faced

upper-case letters. Elements of vectors and matri-
ces are not bold-faced. Time index is in the paren-

thesis of vectors, matrices, or elements. Superscript

T denotes transpose. For example, element xi(t) is

the ith element in vector x(t) at time t. Knl is the

element at cross of nth row and lth column in ma-

trix K.

Sequence is denoted by ( , ). Set is denoted as

{,}. The multi-variable Gaussian distribution for
a vector x with mean l and covariance R is de-

noted as

Nðx; l;RÞ ¼ 1

j detð2pÞD
x

RÞj
1
2

� exp½	ðx	 lÞTR	1ðx	 lÞ=2�: ð2Þ

Denote distribution of a vector x as p(x). Sup-
posing the distribution is parametric and is with

parameter H, the expectation operation with the
distribution p(x) is denoted as EH[ Æ ]. Thus, the
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mean of the above function can be represented as

l = E{l,R}(x) and the covariance R is E{l,R}[dxdxT]
(dx denotes x 	 l).
2. Generative factor analyzed HMM

GFA-HMM is a generative model (Everitt,

1984) for modeling speech by word or phoneme

model. Fig. 1 shows graphical model of the GFA-

HMM. Round circle and rectangular square each

denotes continuous- and discrete-valued node.

Shaded nodes denote observations. qt = {1, . . . ,S}
denotes discrete state at time t. Q(T) = (q1, . . . ,qt,
qt+1, . . . ,qT) is the discrete state sequence with

first-order state transition probability apq from

state p to state q, which accounts for transition of

speech units. Continuous-observation node y(t) is
dependent on mixture index mt, which is state-

dependent. Continuous variable node x(t) is depen-
dent on phoneme (word) index.1 Continuous
variable node z(t) is independent of the discrete
state sequence and model index.

The continuous-valued nodes, y(t), x(t), and z(t)
are hierarchical. In the language of generative

model, vector x(t) is generated from z(t) through
factor analysis (FA) by a state-dependent loading

matrix C 2 RDx�Dz
; i.e.,

zðtÞ � pðzðtÞÞ ¼ NðzðtÞ; 0; IÞ; ð3Þ

xðtÞ ¼ CzðtÞ þ fðtÞ; ð4Þ
where vector f(t) denotes noise term in vector x(t).
The noise is modeled by mixture of Gaussians

fNðfðtÞ; nx
j ;V

x
jÞgj¼1;...;Mx , with component weight

cj. V
x
j is diagonal. M

x denotes number of the mix-

ture components for f(t). We denote the space

spanned by zðtÞ 2 RDz
as normalized space, and

the space spanned by xðtÞ 2 RDx
as factor space.

The marginal density of x(t) given mixture com-
ponent j is mixture of Gaussians; i.e.,

xðtÞ � pðxðtÞÞ ¼
XMx

j¼1
cjNðxðtÞ; nx

j ;V
x
j þ CC

TÞ: ð5Þ
1 The graphical model in Fig. 1 depicts a state-level descrip-

tion of the GFA-HMM. We thus do not explicitly show in the

figure the dependence of x(t) on the model index.
The covariance matrix of the marginal density

of x(t) in each component j is factored as a diago-
nal matrix Vx

j and a full matrix CC
T. Thus, Eqs. (3)

and (4) represent phoneme(word)-dependent fac-

tor analysis of x(t), which models the covariance
matrix of x(t) in an explicit and compact way. In
fact, x(t) can be considered as generated from a

MoG with intra-frame correlations explicitly mod-

eled by CCT.
The latent representation for observation y(t)

given x(t) and qt = q is thus

xðtÞ �ModelMoG; ð6Þ

yðtÞ ¼ KxðtÞ þ vqt ; ð7Þ

where the observation noise vqt is distributed

according to MoG fNðvqt ; ly
qm;R

y
qmÞgm¼1;...;My

q
with

mixture weight pqm. M
y
q is the number of mixture

components in state q for conditional density of

y(t) given x(t). Ry
qm is diagonal with r2qmn for ele-

ment (n,n). K is state-dependent loading matrix

with dimension of Dy · Dx. We denote the space

spanned by yðtÞ 2 RDy
as observation space.

By Eqs. (6) and (7), the conditional density of

y(t) given x(t) in state q and observation compo-

nent m is Gaussian; i.e.,

pðyðtÞjxðtÞ; q;mÞ ¼ NðyðtÞ; ly
qm þ KxðtÞ;Ry

qmÞ: ð8Þ

Marginalizing the conditional density with re-

spect to x(t) can obtain the density of y(t) at state
q in component m; i.e.,

pðyðtÞjq;mÞ

¼
X
j

cj

Z
pðyðtÞjxðtÞ; q;mÞpðxðtÞjjÞdxðtÞ: ð9Þ

The above equation can be computed as follows

pðyðtÞjq;mÞ ¼
XMx

j¼1
cjNðyðtÞ; ly

qm þ Knx
j ;

Ry
qm þ KðVx

j þ CC
TÞKTÞ: ð10Þ

With p(y(t)jq,m) by Eq. (10), p(y(t)jq) can be

obtained as

pðyðtÞjqÞ ¼
XMy

q

m¼1
pqmpðyðtÞjq;mÞ: ð11Þ
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With Eq. (11) at hand, the likelihood of GFA-

HMM for input sequence Y (T) = (y(1), . . . , y(T))
can be calculated given a state sequence Q(T) =

(q1, . . . ,qt, . . . ,qT); i.e.,

pðYðT ÞjQðT ÞÞ ¼
YT
t¼1

pðyðtÞjqtÞ: ð12Þ

The Viterbi process (Viterbi, 1967) is normally

applied to obtain the state sequence having the

largest posterior probabilitybQðT Þ ¼ argmax
QðT Þ

pðYðT ÞjQðT ÞÞpðQðT ÞÞ; ð13Þ

where pðQðT ÞÞ ¼
QT

t¼1aqt	1qt .
Since the observation vector y(t) is generated

from x(t), which has correlations between elements
in x(t) modeled by state dependent factor analysis,
we denote the model as whole; i.e., Eqs. (3)–(7), as

generative factor-analyzed HMM (GFA-HMM).

The model is a generalization of several genera-

tive models. When the dimension of z(t) is zero,
the model reduces to FA-HMM (RG) (Rosti and

Gales, 2002). Further constraints on x(t) to be dis-
tributed as NðxðtÞ; 0; IÞ results in the HMM with

factorized covariance matrix (FA-HMM (SR))

(Saul and Rahim, 2000). Standard HMM can be

obtained by setting dimension of x(t) to be zero.
The model captures dynamics of speech features

through transition of states. The model is also

non-linear, because, as shown in Eq. (4), the den-

sities of noise f(t) in the continuous-valued latent
vector x(t) are mixture of Gaussians with diagonal
covariance matrix Vx

j that might be different for

each j.

2.1. Number of free parameters

Referring to Fig. 1, the number of free parame-

ters (NoFP) in GFA-HMM can be calculated sep-
arately for each of the latent representations. In

particular, for Eq. (4), NoFP is Dz · Dx + 2 ·
Mx · Dx. For Eq. (7), NoFP is Dy · Dx + 2 · S ·
My · Dy, where My ¼ maxfMy

q : q ¼ 1; . . . ; Sg. As
a whole, the NoFP for GFA-HMM is given as2
2 NoFP of the transition probabilities is not considered in the

current work.
NoFPGFA-HMM ¼ ðDz þ DyÞ � Dx

þ 2� ðMx � Dx þ S �My � DyÞ:
ð14Þ

Note that the standard HMM has NoFP as

2 · S · My · Dy.

The seemingly more complex formula of NoFP

for GFA-HMM does not mean that the GFA-
HMM requires more free parameters to achieve

a performance comparable to standard HMM.

On the contrary, a fair comparison should be

based on the number of free parameters given a

performance.

The GFA-HMM imposes explicit continuous-

valued latent representation of observation vec-

tors, which lack in standard HMMs. This struc-
tural information can make GFA-HMM be more

compact over standard HMM in the sense that

the GFA-HMM can achieve better performance

than standard HMM with the number of free

parameters that is less than that in the standard

HMM. We will verify this statement through

experiments in Section 5.
3. Maximum likelihood estimation of the GFA-

HMM

For clarity, we plot the graphical model of the

GFA-HMM together with its parameters to be

estimated in Fig. 2. Note that the only observable

variable is y(t). Other variables are hidden. Denote
the sequence of continuous-valued latent vector

x(t) as X(T) := (x(1),x(2), . . . , x(T)) and the se-

quence of the higher-layer continuous-valued la-

tent vector z(t) as Z(T) := (z(1),z(2), . . . ,z(T)).
Further denote the discrete-valued latent se-

quences, Q(T) := (q1,q2, . . . ,qT) for hidden state q,
M(T) := (m1,m2, . . . ,mT) for hidden Gaussian mix-

ture index m, and J(T) := (j1, j2, . . . , jT) for hidden
Gaussian mixture index j. These latent sequences

are �missing� to the observations for the model.

The �complete� data to the model is composed of
both the �missing� sequences and the observation
sequence Y(T).

As shown in Fig. 2, the model parameters in

GFA-HMM include state transition probability

aqp for transition from state q to p, Gaussian



Fig. 2. Estimation parameters for the generative factor ana-

lyzed HMM (GFA-HMM). aqp is the discrete state transition

probability. fcj; nx
j ;V

x
jg denotes parameter for node jt in

modeling density of the noise vector f(t) in latent vector x(t),

where cj, nx
j , and V

x
j each denotes the mixture component

weight, mean vector, and covariance matrix. C is the model-

dependent loading matrix mapping z(t) and x(t). fpqm; l
y
qm;R

y
qmg

is the parameter for node mt in modeling density of the

observation noise vqt in observation vector y(t), where pqm, l
y
qm,

and Ry
qm each denotes the mixture weight, mean vector, and

covariance matrix.
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density parameters in component m and j, and

loading matrices C and K. We denote the GFA-

HMM parameters collectively by

H ¼ ðaqp;C; cj; nx
j ;V

x
j ;K; pqm; l

y
qm;R

y
qmÞ: ð15Þ

With the parameters, the model likelihood gi-

ven the �complete� data is by

log
YT
t¼1

pðyðtÞ; xðtÞ; zðtÞ; q;m; jjHÞ

¼ log
YT
t¼1

fpðzðtÞÞaqt	1qt cjt pðxðtÞjzðtÞ; jtÞ

� pqtmt pðyðtÞjxðtÞ; qt;mtÞgdqmjðtÞ; ð16Þ

where dqmj(t) = 1, if qt = q, mt = m and jt = j.
Otherwise, dqmj(t) = 0.

Since the above likelihood has �missing� data, we
cannot performmaximum likelihood estimation on

the model parameter by direct maximization of the

above likelihood w.r.t. model parameters. Expecta-

tion Maximization (EM) algorithm (Dempster

et al., 1977) is one method that is commonly used
for parameter estimation of the model with �miss-
ing� data. In the following, we apply EM algorithm

for maximum likelihood estimation of the model

parameter H.
Note that, since the sequences Q(T), X(T),

Z(T), M(T), and J(T) are hidden, instead of the

likelihood in Eq. (16), the EM algorithm maxi-

mizes the following auxiliary function, which is de-

fined as the average of the joint log-likelihood in

Eq. (16) calculated on new model parameter eH
over posterior probabilities of the hidden se-

quences calculated from the previous model

parameter H, i.e.,

bH ¼ argmaxeH QðH; eHÞ

¼ argmaxeH EH log
YT
t¼1

pðyðtÞ;xðtÞ;zðtÞ;q;m;jj eHÞ
" #

:

ð17Þ

Referring to Fig. 2, the auxiliary function can

be written as

QðH; eHÞ¼EH log
YT
t¼1

pðyðtÞ;xðtÞ;zðtÞ;q;m;jj eHÞ
" #

¼EH log
YT
t¼1

f~aqt	1qt~pqtmtg
dqmðtÞ

" #

þEH log
YT
t¼1

fpðzðtÞÞ~cjt pðxðtÞjzðtÞ;jt; eHÞgdjðtÞ

" #

þEH log
YT
t¼1

fpðyðtÞjxðtÞ;qt;mt; eHÞgdqmðtÞ

" #
;

ð18Þ
where dqm(t), and dj(t) are calculated given previ-
ous model parameter H. Since components in

RHS of (18) are functions of f~aqp; ~pqmg, feC;~cj;enx

j ;
eV x

jg and feK; ely
qm;

eRy

qmg, respectively, parameter
estimation can be carried out on them separately.

EM algorithm for parameter estimation requires

posterior statistics of the discrete- and continu-

ous-valued hidden sequences.

3.1. Posterior statistics

Traditional HMM has a discrete-valued latent

representation of observations; i.e., state q and



Fig. 3. Graphical model associated to x(t), y(t), and mt.
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Gaussian mixture index m. The GFA-HMM also

has a hierarchy of continuous-valued latent repre-

sentation by x(t) and z(t). Accordingly, posterior
statistics are calculated on both discrete and con-

tinuous latent variables. In the following, we de-
rive posterior statistics of the discrete-valued

latent sequences in Section 3.1.1, which follows

closely to the standard HMMs (Rabiner and

Juang, 1993), and posterior statistics of continu-

ous-valued latent variables in Section 3.1.2.

3.1.1. Posterior statistics of discrete-valued

variables

We first derive the formulae for posterior statis-

tics of discrete sequences Q(T), M(T) and J(T).

Denote the posterior probability of being in state

q at time t given observation sequence Y (T) and

model parameter H, p(qjY(T),H), as cq(t). With
the likelihood in Eq. (11), it can be obtained by

the forward-backward algorithm as in standard

HMM (Rabiner and Juang, 1993); i.e.,

cqðtÞ ¼
aqðtÞbqðtÞPS
i¼1aiðtÞbiðtÞ

; ð19Þ

where aq(t) = p((y(1), . . . , y(t)),qt = qjH) accounts
for the probability of the partial observation se-

quence (y(1), . . . , y(t)) and state q at time t given

model parameter H, while bi(t) = p((y(t + 1),
. . . , y(T))jqt = i,H) is the probability of the partial
observation sequence (y(t + 1), . . . , y(T)) given

state i at time t and model parameter H.
These partial probabilities can be inducted as

aqðt þ 1Þ ¼
XS

i¼1
aiðtÞaiq

" #
pðyðt þ 1ÞjqÞ; ð20Þ

bqðtÞ ¼
XS

i¼1
aqipðyðt þ 1ÞjiÞbiðt þ 1Þ: ð21Þ

Denote the posterior probability at mixture

component m and j in state q given observation se-

quence Y (T) and model parameter H as cqmj(t),

which is written as

cqmjðtÞ¼pðqt¼q;mt¼m;jt¼ jjYðT Þ;HÞ

¼ pqmcjpðyðtÞjqt¼q;mt ¼m;jt ¼ j;HÞP
m

P
jpqmcjpðyðtÞjqt¼q;mt¼m;jt¼ j;HÞcqðtÞ:

ð22Þ
The posterior probability at mixture component

m in state q, cqm(t), is given as
P

jcqmjðtÞ. Similarly
for cqðtÞ ¼

P
m;jcqmjðtÞ and cjðtÞ ¼

P
q;mcqmjðtÞ.

These posterior probabilities, cq(t), cqm(t) and

cj(t), provide soft-version of dq(t), dqm(t) and
dj(t), respectively, in (18).

3.1.2. Posterior statistics of the continuous-valued

latent vectors

In this section, we assume that density of x(t)
can be approximated well by Nð�; nx;VxÞ. These
mean nx and covariance Vx may be obtained from

the MoG in Eq. (5), or, alternatively as applied in
this paper, they are updated by Eqs. (32) and (33)

in a data-driven way.

We can view the dependence among observa-

tion y(t), node mt and x(t) locally as shown in

Fig. 3. Inference of posterior statistics at node

x(t) consists of obtaining the posterior mean and

variance of x(t) given y(t) and H. Regarding the
posterior distribution, by Bayes rule, it is given as

pðxðtÞjyðtÞ; q;m;HÞ ¼ pðyðtÞjxðtÞ; q;m;HÞpðxðtÞjHÞ
pðyðtÞjq;m;HÞ :

ð23Þ
It is easy to verify that the posterior distribution

is Gaussian. Briefly derived in Appendix A, the
above equation can arrive at NðxðtÞ;/x

qmðtÞ;
Wx

qmðtÞÞ, where the posterior mean and posterior

covariance are respectively given as

/x
qmðtÞ ¼ EH½xðtÞjyðtÞ; q;m�

¼ Wx
qmðtÞ½ðVxÞ	1nx þ KTRy	1

qm ðyðtÞ 	 ly
qmÞ�;

ð24Þ
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Wx
qmðtÞ ¼ EH½ðxðtÞ 	 /x

qmÞðxðtÞ 	 /x
qmÞ

TjyðtÞ; q;m�
¼ ½ðVxÞ	1 þ KTRy	1

qm K�	1: ð25Þ

Combining pqm with likelihood p(y(t)jq,m) gi-
ven in Eq. (10), the �observation� at node x(t) is

the posterior mean which has the largest posterior

probability at qt and mt, i.e.,

/xðtÞ ¼ /x
qHmHðtÞ; ð26Þ

WxðtÞ ¼ Wx
qHmHðtÞ; ð27Þ

where qHmH ¼ argmaxq;mcqmðtÞ.
Taking /x(t) as observation at node x(t), we can

apply in a similarly way as the above derivation to

nodes z(t), x(t), and jt. The dependence of these

nodes can be seen locally in Fig. 4. The posterior
distribution of z(t) given x(t), jt = j and model

parameter H is Gaussian. Given /x(t) as the

�observation� at node x(t), the same way for deriva-
tion of Eq. (24) and Eq. (25) can be followed to the

posterior statistics of z(t). Now, with Eq. (3), the
posterior statistics of z(t) can be written as

NðzðtÞ;/z
jðtÞ;W

z
jðtÞÞ, where the posterior mean

and covariance are

/z
jðtÞ ¼ EH½zðtÞjyðtÞ; j�

¼ Wz
jðtÞC

TVx	1
j ð/xðtÞ 	 nx

jÞ; ð28Þ

Wz
jðtÞ ¼ ðIþ CTðVx

jÞ
	1
CÞ	1: ð29Þ

The posterior �observation� to node z(t) is

approximated as

/zðtÞ ¼ /z
jHðtÞ; ð30Þ
Fig. 4. Graphical model associated to z(t), x(t), and jt.
WzðtÞ ¼ Wz
jHðtÞ; ð31Þ

where jH ¼ argmaxjcjðtÞ.

3.2. Parameter estimation

3.2.1. Updating in observation space

The first parameters to be updated are at node

x(t). Given the �observation� sequence (/x(1) ,. . .,
/x(t) ,. . ., /x(T)), the mean and covariance at node

x(t) are given as

bnx
¼

PT
t¼1/

xðtÞ
T

; ð32Þ

bVx
¼

PT
t¼1ð/

xðtÞ 	 bnx
Þð/xðtÞ 	 bnx

ÞT

T
: ð33Þ

Setting derivatives in Eq. (17) w.r.t. loading ma-

trix eK to zero givesX
t

cqmðtÞRy	1
qm

bKð/xðtÞ/xðtÞT þ WxðtÞÞ

¼
X
t

cqmðtÞRy	1
qm ðyðtÞ 	 ly

qmÞ/
xðtÞT; ð34Þ

through which the new loading matrix bK can be
obtained. (Detailed formulae are shown in Appen-

dix B.)

Mean and covariance matrix at node mt are

then updated respectively by

bly
qm ¼ 1P

tcqmðtÞ
X
t

cqmðtÞ½yðtÞ 	 bK/xðtÞ�; ð35Þ

bRy

qm ¼ diag
1P

tcqmðtÞ
X
t

cqmðtÞ

� ½ðyðtÞ 	 bly
qm 	 bK/xðtÞÞðyðtÞ

	 bly
qm 	 bK/xðtÞÞT þ bKWxðtÞbKT

�

� diag
1P

tcqmðtÞ
X
t

cqmðtÞ

� ½ðyðtÞ 	 bly
qm 	 bK/xðtÞÞðyðtÞ

	 bly
qm 	 bK/xðtÞÞT�; ð36Þ

where the last equation in updating covariance

matrix is obtained by assuming that the posterior

covariance Wx(t) is small.
The weight of mixture component m at state q

can be updated by
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p̂qm ¼
PT

t¼1cqmðtÞPT
t¼1

PMy
q

m¼1cqmðtÞ
: ð37Þ

Transition probability aqp is updated by

âqp ¼
P

tcqpðtÞP
t

P
pcqpðtÞ

: ð38Þ
3.2.2. Updating in Factor Space

Since Eq. (3) and Eq. (4) are factor analysis on

�observation� /x(t), in a similar way shown in Eq.

(34), the loading matrix bC can be obtained fromX
t

X
j

cjðtÞðVx
jÞ

	1 bCð/zðtÞ/zðtÞT þ WzðtÞÞ

¼
X
t

X
j

cjðtÞðVx
jÞ

	1ð/xðtÞ 	 nx
jÞ/

zðtÞT: ð39Þ

Then, updated mean vector and diagonal

covariance matrix in jt are respectively obtained by

bnx

j ¼
1P
tcjðtÞ

X
t
cjðtÞð/xðtÞ 	 bC/zðtÞÞ; ð40Þ

bV x

j ¼ diag
1P
tcjðtÞ

X
t
cjðtÞ

� f½/xðtÞ 	 bnx

j 	 bC/zðtÞ�

� ½/xðtÞ 	 bnx

j 	 bC/zðtÞ�T þ bCWzðtÞbCT
g ð41Þ

The weights of the components j in factor space

can be found by

ĉj ¼
PT

t¼1cjðtÞPT
t¼1

PMx

j¼1cjðtÞ
: ð42Þ
3.3. Summary of the training process

GFA-HMM may be initialized with parameters

obtained from standard HMMs. The initialization

is conducted by retaining {apq,pqm, lqm,Rqm}

trained based on standard HMMs. Variance term

Vx
j is set to diagonal unit matrix. Mean term nx

j is

initialized by a random vector distributed in

Nð�; 0; IÞ. Loading matrices K and C are initialized
to matrices with each element distributed in

Nð�; 1; 1Þ.
After initialization, EM-process may be carried

out by the following iterative process:

(1) E-step: Obtain posterior statistics via Eqs.

(19)–(22), and (24)–(31).
(2) M-step: Update model parameters via Eqs.

(32)–(42).

In practice, to reduce computational cost in E-

step, we do force alignment using well-trained

standard HMMs. E-step is then performed on

these segments. Because the alignment is given by

standard HMMs, this practice implicitly assumes
that the state transition probabilities {apq} in

GFA-HMM are the same as those in standard

HMMs. Therefore, {apq} are usually left un-

changed in M-step.
4. Relationship to mixtures of PCA, semi-tied

covariance modeling, and maximum likelihood
linear transformation

Because the proposed GFA-HMM is a method

of modeling intra-frame statistics, it may relate to

other techniques for the same purpose. In fact, the

form of estimation routine described for GFA-

HMM may be applied to other estimation prob-

lems in speech recognition. This section briefly dis-
cusses schemes to optimize mixtures of PCA

transform, semi-tied covariance modeling and

maximum likelihood linear transformation.

Probabilistic principle component analysis

(PPCA) is related to factor analysis (FA). This

relationship is revealed by Tipping and Bishop

(1997). It is shown in (Tipping and Bishop, 1997)

that PPCA is a particular case of FA with observa-
tion noise term to be isotropic; i.e., Ry

qm ¼ r2qmI in
Eq. (8) and r2qm is a scalar variable. Therefore,

for estimating mixtures of PPCA model in (Tip-

ping and Bishop, 1997), the previously shown

EM steps can be directly applied by further setting

fðtÞ � Nð�; 0; IÞ and C = 0 in Eq. (4). Usually, for
maximum likelihood of mixtures of PPCA

(MPCA) model, a flooring scheme on r2qm is em-
ployed in order to avoid singular covariance ma-

trix by KKT (note that rank(K) < D. ) in Eq. (10).
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It is shown that traditional PCA is a limiting case

of PPCA to r2qm ! 0.

Notice that GFA-HMM and MPCA both as-

sume that Dx < Dy. There are other ways in mod-

eling intra-frame statistics. In semi-tied covariance
(SMC) modeling (Gales, 1999), covariance matrix

at each mixture in modeling density of y(t) is given
by

Ry
qm ¼ KðrÞdiagðRqmÞKðrÞT ; ð43Þ

where K(r) may be shared among many mixture

components. Diagonal matrix diag(Rqm) may dif-

fers at each mixture components. This model may
be related to GFA-HMM by setting (1) Ry

qm ¼ 0,
(2) K is tied among many mixtures, (3) nx

j ¼ 0,
and Dx = Dy in Eq. (8). Heteroscedastic linear dis-

criminant analysis (HLDA) (Kumar, 1997) may be

considered as a special case of SMC. HLDA can be

obtained from SMC by splitting K(r) into two sub-

matrix, where one is mixture-dependent and the

other is tied among all mixture components.
The maximum likelihood linear transformation

(MLLT) (Gopinath, 1998) and its extensions, e.g.,

(Olsen and Gopinath, 2002), are closely related to

SMC modeling in terms of having the same equa-

tion as Eq. (43) in modeling covariance matrices.

However, MLLT transforms speech feature vec-

tors. The above E-M processes may still be appli-

cable to these modeling techniques by setting
GFA-HMM to be (1) Ry

qm ¼ 0, (2) K is tied among

many mixtures, (3) nx
j ¼ 0, and Dx P Dy in Eq. (8).
3 The GFA-HMM and standard HMM were initialized with

the same parameters in fpqm;l
y
qm;R

y
qmg.
5. Experimental results

In this section, we conducted a series of experi-

ment to make comparison of GFA-HMMs with
other alternative acoustic models. Features for rec-

ognition were 39-dimensional MFCC plus C0 and

its first- and second-order coefficients. That is

Dy = 39.

Relative performance improvement in speech

recognition are measured by word error rate

reduction (ERR):

ERR ¼ ðWA2	 WA1Þ=ð100	 WA1Þ;
where WA1 and WA2 measure word accuracies by

system 1 and system 2, respectively.
We first conducted experiments in Section 5.1 to

show the convergence property of GFA-HMM.

Then, in Section 5.2, we compared GFA-HMM

with some alternative acoustic models in terms of

their change of log-likelihood during training pro-
cess. We then conducted a preliminary experiment

in Section 5.3 to show that GFA-HMM may have

fewer number of parameters as compared to stan-

dard HMM. Such property may result in an im-

proved performance with respect to standard

HMM for small amount of training data. To fur-

ther study effects of latent dimension Dx on recog-

nition performances, we conducted experiments in
Section 5.4.1 in multiple speaking styles. Experi-

ments were also conducted in Section 5.4.2 to

study performances against number of Gaussian

mixtures My in observation space. These experi-

ments revealed a strong dependence of perfor-

mances on Dx and My. Based on the empirical

selection from these experiments, we conducted

noisy digits recognition in Section 5.5 to show per-
formance improvement by GFA-HMM w.r.t.

standard HMM in a varying amount of training

data.

5.1. Number of iterations required

For the GFA-HMM, the parameter estimation

process is iterative. Fig. 5 shows a typical change
in log-likelihood function value against iteration

numbers, with the change of log-likelihood of a

standard HMM shown for comparison.3 It can

be seen that the majority of the gain in log-likeli-

hood of both GFA-HMM and standard HMM

occurs during the first several model update itera-

tions. After the fourth iteration, the log-likelihood

of GFA-HMM increases from 	3.93 · 10	3 to
above 	2.00 · 10	3, and the log-likelihood of

standard HMM increases from 	3.92 · 10	3 to
above 	1.60 · 10	3. Whereas standard HMM

does not vary log-likelihood afterwards, the log-

likelihood of GFA-HMM increases above that

by standard HMM at fifth iteration and continu-

ous to increase by the tenth iteration.
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Fig. 5. Increase in log-likelihood against iteration number when optimizing a GFA-HMM. The log-likelihood obtained with a

standard diagonal covariance HMM is shown as the baseline. GFA-HMM is with 5-state and 3 Gaussian mixtures per state.

4 FA-HMM (SR) may be considered as FA-HMM (RG) with

only one mixture Mx.
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Because the majority of the training time is spent

obtaining the sufficient (posterior) statistics from

the training data, rather than estimating the model

parameters given those statistics. Instead of the ac-

tual parameter estimation, the important ability to

guarantee stability and convergence are crucial for,

particularly, complex systems involving discrete

and continuous hidden variables. Therefore, we
usually initialize GFA-HMM with parameters by

well-trained standard HMMs, and iterate estima-

tion process for three to five iterations.

5.2. Comparison with some alternative models

Notice that both GFA-HMM and FA-HMM

(RG) (Rosti and Gales, 2002) were proposed for
explicitly modeling intra-frame covariance and

implicitly modeling of higher-order intra-frame

statistics. It is thus interesting to make comparison

between those models, together with FA-HMM

(SR) (Saul and Rahim, 2000). One reasonable

measure for comparison is the likelihood of those

models. Given a training set, the difference in like-

lihood among the models may suggest differences
among these models.
To make a fair comparison, the number of

Gaussian mixtures at node x(t) were set, say two,

the same for GFA-HMM and FA-HMM (RG).4

Dimension at x(t) was set to 3. Dimension at z(t)
for GFA-HMM was one. We plot in Fig. 6 a typi-

cal change of log-likelihood obtained by those

acoustic models, trained from a short segment of

training data. It is seen that FA-HMM (RG) and
FA-HMM (SR) had the same likelihood trend. In

fact, for FA-HMM (RG), we increased the number

of Gaussian mixtures Mx in node x(t) up to 8, but

log-likelihood of the FA-HMM (RG) did not vary

much accordingly. The observation may suggest

that adding MoG in node x(t) is weak to differenti-

ate FA-HMM (RG) from FA-HMM (SR).

In contrast, the log-likelihood by GFA-HMM
was lower than that by FA-HMM (RG) after the

fourth iteration. This observation clearly shows

that adding another layer z(t) can effectively make
GFA-HMM �depart� from FA-HMM (SR) and

FA-HMM (RG). The layer z(t) keeps much shared
variance in x(t) by the common loading matrix C,
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whereas FA-HMM (SR) and FA-HMM (RG) do

not have such mechanism.

5.3. Small training set experiments

We used one thousand utterances5 from the

clean training set of the Aurora 2 database (Pearce,

2000). Testing was conducted with 1000 clean
utterances from the testing set of the database.

Acoustic models were trained by EM algorithm

with six iterations. Number of states, S, was eight

for digit models and one for silence model.

Given the fixed number of state, standard

HMM could only adjust the number of mixture

components My
q. Accordingly, the number of free

parameters (NoFP) for a model was S � ð2DyÞ�
My

q. The structure of GFA-HMM is flexible. In

this work, we set My
q ¼ 1. This reduced GFA-

HMM to a model with only one observation mix-
5 We limited number of training utterances to 1000, which

was less than the standard number, 8440, of training utterances

in Aurora 2 database, in order to show the efficacy of the

method. Please see Section 5.4 and Section 5.5 for results with

larger training sets.
ture. Therefore, if any performance improvement

over standard HMM can be observed, much of

the gain should be attributed to the introduction

of the continuous-valued latent representation. For

the configuration of the latent representation, the

dimension of z(t), Dz, was set to one. We varied

the number of mixture components for jt, Mx,

and the dimension of vector x(t), Dx. For this con-
figuration, the GFA-HMM has NoFP as

S · (2Dy) + (Dy + 1) · Dx + (2 · Dx) · Mx.

Mixture components were incrementally ob-

tained by mixture splitting, which repeatedly splits

the mixture with the largest weight until the desired

number of components is obtained. In the training

stage, variance of elements in noise vectors f(t) and

vqt were floored to 1.0 and 0.001, respectively.

5.3.1. Results

Performances by standard HMM and the

GFA-HMM are shown in Table 1. Varying num-

ber of mixture components My
q can change recog-

nition word accuracy (WA). In particular, the

highest WA for standard HMM was attained to

88.96% with My
q ¼ 4.



Table 1

For the given test set, we compare the performance between standard HMM and the GFA-HMM in terms of the number of free

parameters (NoFP) for one digit model and word accuracy (WA in %)

Dimension Dx My
q 1 2 3 4

Traditional HMM 0 NoFP 624 1248 1872 2496

WA 88.48 88.64 88.96 88.96

Mx
q 1 2 3 4

GFA-HMM (My
q ¼ 1, Dz = 1) 1 NoFP 666 668 670 672

WA 88.80 89.73 90.30 90.93

2 NoFP 708 712 716 720

WA 86.44 89.09 89.73 89.66

K. Yao et al. / Speech Communication 45 (2005) 435–454 447
The GFA-HMM can achieve higher recogni-

tion accuracy over standard HMM with the same

amount of training data. For example, word accu-

racy increased consistently by increasing mixture

component Mx
q while keeping Dx = 1. The highest

WA was 90.93% by setting Dx = 1 and Mx
q ¼ 4.

This is compared to the highest WA achieved by

standard HMM, leading to a relative error rate
reduction of 18%. Moreover, the NoFPs could

be much lower than those by standard HMMs.

For example, in the situation where the highest

word accuracies were achieved by standard HMM

and GFA-HMM, the NoFP for GFA-HMM was

672, whereas the NoFP for standard HMM was

2496.

It is known that the larger the number of free
parameters, the more the data needed for reliable

estimation of the parameters. By varying dimen-

sion Dx and number of mixture Mx, GFA-HMM

may be more compact than standard HMM.

Therefore, it is observed through experiments that

GFA-HMM could achieve higher performance

than standard HMM even it had the same amount

of training data.
As shown in Table 1, increasing the dimension

of latent vector x(t), Dx, did not result in improve-

ment of recognition accuracy. This comes from the

flooring scheme used in the experiments. The vari-

ances of elements in noise vector f(t) in the latent

vector x(t) were floored to 1.0. Increasing dimen-
sion Dx of the latent vector may result in a more

noisy model if the underling generative process
of the observations are different from the structure

of GFA-HMM specified for experiments. How-

ever, the GFA-HMM still outperformed standard
HMM in the situation of Dx = 2. For example, the

GFA-HMM achieved 89.66% WA when Mx
q ¼ 4, a

relative error rate reduction of 6% over the highest

WA achieved by standard HMM.

5.4. Speech recognition in different speaking styles

Acoustic models in the previous section were
word-based. It may raise the following question.

Notice that, whereas the fixed state number may

be adequate for some digits, for instance �one�,
the state number may not be sufficient for other

digits such as �seven�. Therefore, in this section,

we investigate properties of GFA-HMM in pho-

neme level. Experiments were conducted on

SUSAS (Speech Under Simulated and Actual
Stress) database (Hansen et al., 1998), which con-

tains stressed speech from fairground rides and

helicopters. A common highly confusable vocabu-

lary set of 35 aircraft communication words make

up the database. It includes male and female voice

signals in multi-style (neutral, angry, fast, slow,

question, and et al) situations. Due to the stressful

conditions, speakers may utter voice signals with
characteristics, such as pitch, energy, voice dura-

tion, and formants that are much different from

neutral speech signals.

5.4.1. Performances as a function of Dx

This section presents recognition accuracies by

GFA-HMM as a function of dimension Dx in con-

tinuous latent variable x(t).
The training set includes all training utterances

in neutral speaking style, which has 3780 utter-

ances from male and female speakers with different



Table 2

Word accuracy (in %) achieved on SUSAS database as a function of Dx

Neutral Angry Fast Slow Question

Baseline 94.12 63.80 81.48 77.92 86.83

GFA-HMM (Mx = 2, Dx = 3) 94.71 59.51 80.86 74.03 88.82

GFA-HMM (Mx = 2, Dx = 5) 94.71 63.19 79.63 77.92 88.82

GFA-HMM (Mx = 2, Dx = 8) 92.35 66.26 82.72 75.32 87.62

GFA-HMM (Mx = 2, Dx = 10) 95.88 64.42 83.95 75.32 89.11

GFA-HMM (Mx = 2, Dx = 13) 90.59 63.19 79.01 76.13 89.11

FA-HMM (RG) (Mx = 2, Dx = 13) 82.94 64.42 72.84 79.08 88.61

GFA-HMMs were with My = 3 and Mx = 2. Standard HMMs were with My = 3.
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American English accents. Testing set includes all

the testing utterances in five speaking styles. Base-

line system was based on standard HMMs in a

phoneme level. There were 35 phonemes and each

phoneme was a 5-state HMM with three diagonal

Gaussian mixtures per state. The state output dis-

tributions of the baseline models by standard

HMM were mixed up to three components run-
ning four iterations prior to mixture splitting as

described in (Young et al., 1997). Baseline perfor-

mances (denoted as Baseline) are shown in Table

2.

GFA-HMM was initialized from standard

HMMs and trained with EM algorithms for four

iterations. The number of MoGs in node x(t),

Mx, was fixed to 2. We varied dimension of x(t)
in GFA-HMM, whereas the dimension of z(t)
was fixed to 2. Performances by GFA-HMM6

are denoted according to Dx in Table 2.7,8

Recognition results show that performances by

GFA-HMM are dependent on dimension of x(t).
For example, in neutral speech, recognition accu-

racy with Dx = 3 was increased to 94.71% from

the baseline by 94.12%, corresponding to 10.0%
6 Performances were obtained by re-scoring lattice generated

from standard HMMs in order to reduce computational costs.

GFA-HMM rescored likelihood on the lattices, which had

reduced number of state sequences compared to that in

standard HMM. Without this scheme, GFA-HMM may have

Dy times of computational cost compared to a standard HMM

with the same My and Dy.
7 Because Dz was set to two, Dx had to be larger than Dz in

order to avoid non-singularity in loading matrix C. Therefore,

experiments were conducted for GFA-HMM with Dx > 2 only.
8 In Table 2, GFA-HMM had NoFP from 837 for Dx = 3 to

1287 for Dx = 13. Baseline had 702 NoFP. FA-HMM (RG) had

1209 NoFP.
ERR. The highest ERR in neutral speech was

achieved at Dx = 10, reaching 29.9%. Perfor-

mances at Dx = 10 in other speaking styles except

�Slow� were also higher than baseline. In average,
GFA-HMM achieved 10.1% ERR at Dx = 10 as

compared to baseline.

We noticed that, when Dx was further increased

to 13, performances by GFA-HMM might be
dropped. For example, performances in all speak-

ing styles except �Question� had lower recognition
accuracies compared to baseline at Dx = 13.

We also tested performances by FA-HMM

(RG) (Rosti and Gales, 2002). Dx in FA-HMM

(RG) was chosen to be 13 by referring an experi-

mental setup in (Rosti and Gales, 2002). Its perfor-

mances in the set of speaking styles were shown in
the last row. In fact, GFA-HMM achieved better

performances than FA-HMM (RG); in the same

dimension Dx = 13, GFA-HMM obtained an aver-

aged 10.9% ERR with respect to FA-HMM

(RG).9

5.4.2. Effects of increasing observation mixture

components My

This section conducted experiments to test

GFA-HMM performances w.r.t. My, the number

of Gaussian mixtures in observation node y(t).

GFA-HMM configuration was fixed to Dz = 2,

Dx = 10, and Mx = 2. Results are summarized in

Table 3. It is seen that, given the configuration,

there is an optimal My in terms of recognition
9 We did not conduct experiments in other dimension Dx to

compare GFA-HMM with FA-HMM (RG) due to excessive

computational requirements. However, we believe that the

results could be representative.



Table 3

Word accuracy (in %) achieved on SUSAS database as a function of My

Neutral Angry Fast Slow Question

GFA-HMM (My = 2) 92.94 61.35 80.63 73.91 87.13

GFA-HMM (My = 3) 95.88 64.42 83.95 75.32 89.11

GFA-HMM (My = 4) 95.29 63.91 83.33 79.71 89.11

GFA-HMM (My = 10) 90.59 59.51 79.63 69.48 83.17

GFA-HMMs were with Dz = 2, Dx = 10, andMx = 2. Performances of GFA-HMM are measured againstMy, the number of Gaussian

mixtures in observation node y(t).
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accuracy. With My = 3 and My = 4 respectively,

GFA-HMM achieved 95.88% and 95.29% word

accuracy in neutral speaking style, relatively higher

than other settings ofMy. This observation is con-

sistent in other speaking styles.

5.5. Performances as a function of number of

training utterances

This section conducts experiments to reveal the

trade-off of the standard HMM versus GFA-

HMM as a function of the amount of training

data. The first set of experiments conducted in Sec-

tion 5.5.1 shows performances by GFA-HMM in

multi-conditional training data, where noisy

speech utterances are included to train a system.
In Section 5.5.2, GFA-HMMs were trained with

clean speech utterances.

5.5.1. Performances on multi-conditional training

data

To test performances as a function of training

utterances, we split the whole Aurora 2 multi-con-

ditional training set (Pearce, 2000) into four sub-
sets, where each of them consists of specific types

of noise shown in Table 4. These training subsets

are denoted by their number of utterances. For
Table 4

Training subsets and their included noise types

Subway Babble Car Exhibition

8440 Y Y Y Y

5229 N Y Y Y

3841 N N Y Y

2154 N N N Y

Signal-to-noise ratio ranges from clean, 20 dB to 5 dB in a

	5 dB step.
example, training subset 5229 consists of Babble,

Car, and Exhibition noise, whereas subset 2154

only has Exhibition noise. Testing was done on

the Aurora 2 testing set, which includes utterances

in the four noise types ranging from 	5 dB to

clean in a 5 dB step. We measured the relative er-

ror rate reduction with respect to standard HMMs

in each type of noise for a given training subset. A
hypothesis testing was conducted to measure sta-

tistical significance of the relative error rate

reduction.

The null hypothesis H0 is that, there is no

improvement by GFA-HMM relative to standard

HMM. This hypothesis H0 will be rejected if (1)

there is statistically significant error rate reduction

in those types of noise that does not appear in
training subset, and (2) there is no statistically sig-

nificant decrease of word accuracy in those types

of noise that appears in training subset. The confi-

dence level we set is 95%.

GFA-HMM had the following setup. Dimen-

sion of x(t) and z(t) were respectively 3 and 1.

After initialization with parameters from tradi-

tional 18-state and 3 mixtures/state HMMs,10 5
iterations of training process in Section 3 were

applied.

Tables 5–8 show word accuracies by GFA-

HMM in each type of noise and SNR conditions,

together with their ERRs in percentage and t-sta-

tistics of the ERRs in each type of noise.11 For

95% confidence level and 7 types of SNR condi-

tions, a threshold of 2.37 was set for statistical
significance. For those t-statistics with absolute

value smaller than the threshold, the ERRs are
10 HMMs were trained with scripts from Aurora 2 database.
11 t-Statistic is calculated by

ffiffiffi
n

p meanðxÞ
stdðxÞ , where n is the number

of samples in x. Here x denotes ERRs in each SNR conditions.



Table 6

Word accuracy (in %) achieved by GFA-HMM on 5229 subset

of Aurora 2

Subway Babble Car Exhibition

Clean 94.60 94.71 94.30 94.29

20 dB 94.14 96.22 96.18 95.62

15 dB 91.28 95.56 95.65 94.57

10 dB 86.61 93.20 92.72 90.68

5 dB 77.10 84.73 76.35 79.94

0 dB 53.52 59.43 35.28 44.25

	5 dB 20.79 28.04 16.55 16.41

ERR (in %) 6.82 0.42 	1.26 	1.45
(t-Statistic) (3.35) (1.15) (0.33) (	0.74)
GFA-HMMs were with My = 3, Mx = 2, Dx = 3, and Dz = 1.

Standard HMMs were withMy = 3. Both types of HMMs have

18 states.

Table 7

Word accuracy (in %) achieved by GFA-HMM on 3841 subset

of Aurora 2

Subway Babble Car Exhibition

Clean 95.06 94.68 94.72 94.63

20 dB 95.09 93.17 96.03 95.74

15 dB 92.57 87.82 95.23 94.38

10 dB 88.49 79.41 92.69 90.81

5 dB 78.85 65.96 80.47 81.83

0 dB 56.25 38.60 40.05 52.27

	5 dB 22.54 12.62 16.52 17.80

ERR (in %) 1.81 2.36 	1.26 	40.65
(t-Statistic) (3.06) (4.31) (0.49) (	1.16)
GFA-HMMs were with My = 3, Mx = 2, Dx = 3, and Dz = 1.

Standard HMMs were withMy = 3. Both types of HMMs have

18 states.

Table 5

Word accuracy (in %) achieved by GFA-HMM on 8440 subset

of Aurora 2

Subway Babble Car Exhibition

Clean 98.43 98.58 98.33 98.80

20 dB 98.04 97.52 97.82 97.25

15 dB 96.93 96.98 97.44 96.82

10 dB 94.41 95.34 95.47 94.01

5 dB 86.03 87.39 81.75 86.30

0 dB 54.50 62.91 40.32 58.99

	5 dB 20.76 28.30 17.83 20.46

ERR (in %) 	2.59 0.00 	2.66 	1.49
(t-statistic) (	0.65) (0.84) (	1.89) (	1.35)
GFA-HMMs were with My = 3, Mx = 2, Dx = 3, and Dz = 1.

Standard HMMs were withMy = 3. Both types of HMMs have

18 states.

Table 8

Word accuracy (in %) achieved by GFA-HMM on 2154 subset

of Aurora 2

Subway Babble Car Exhibition

Clean 96.68 96.07 96.00 96.33

20 dB 95.58 80.65 93.02 96.20

15 dB 94.69 68.14 88.99 94.79

10 dB 91.34 53.05 78.62 91.73

5 dB 81.98 36.61 59.59 83.83

0 dB 56.19 19.56 29.14 50.69

	5 dB 20.14 8.10 12.23 17.59

ERR (in %) 0.93 1.15 1.97 	1.72
(t-statistic) (1.69) (2.84) (3.11) (	1.21)
GFA-HMMs were with My = 3, Mx = 2, Dx = 3, and Dz = 1.

Standard HMMs were withMy = 3. Both types of HMMs have

18 states.
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considered to be non-significance. Otherwise, the

ERRs are significant.

Observations of the results shown in these ta-

bles are as follows. First, Table 5 reveals that there
is no statistical difference in performance between

GFA-HMMs and standard HMMs for training

with all types of noise. Through other tables with

less amount of training data and fewer types of

training noise, we found that GFA-HMM

achieved statistically significant improvement with

respect to standard HMM. For example, for train-

ing subset 5229 in Table 6, GFA-HMM had 6.82%
ERR with t-statistic of 3.35 in Subway noise,

which is not included in the training set. In other

types of noise that occurs in training set, GFA-

HMM does not decrease performances as com-

pared to standard HMMs. In Table 8 for training

subset 2154, we observed statistically significant

improvement in Babble and Car noise that are

not appeared in the training subset. The table also
shows that there is no significant difference be-

tween GFA-HMMs and standard HMMs in Exhi-

bition noise that appears in the training set.

5.5.2. Performances for training with 8440 clean

utterances

GFA-HMMs were trained with 8440 clean

speech utterances in Aurora 2 database. Testing

set was the same in the previous section. Recogni-

tion accuracies by GFA-HMMs are shown in Ta-

ble 9, together with the ERRs in each SNR



Table 9

Word accuracy (in %) achieved by GFA-HMM on 8440 clean training utterances on Aurora 2

Subway Babble Car Exhibition ERRs (in %)

Clean 98.22 98.46 97.71 98.33 	0.55
20 dB 77.86 83.01 87.32 78.96 0.57

15 dB 65.43 65.72 69.73 67.63 0.11

10 dB 51.09 45.04 48.34 54.15 0.58

5 dB 30.70 26.18 24.43 33.14 0.50

0 dB 12.62 14.24 9.31 12.43 0.09

	5 dB 7.92 7.80 7.01 7.37 0.06

Average ERR (in %) from 20 dB to 0 dB 0.33

(t-statistic) (3.33)

GFA-HMMs were withMy = 3,Mx = 2, Dx = 3, and Dz = 1. Standard HMMs were withMy = 3. Both types of HMMs have 18 states.
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conditions shown in the last column. The ERRs

achieved in 20–0 dB are averaged and its value is

shown in the right corner of the table. It is seen

that GFA-HMM attained 0.33% of Averaged

ERR relative to HMM in noisy conditions.
Although the absolute value of improvement was

not large, the improvement was consistent in

SNRs from 20 dB to 0 dB. The t-statistic of the

ERRs was 3.33, showing that the improvement

was also statistically significant in 95% confidence

level. Performance in clean conditions did not de-

grade significantly, because the t-statistic in clean

condition was a small value of 	0.15.12
6. Discussion

A generative model using continuous-valued la-

tent representation for speech recognition was pro-

posed by Saul and Rahim (2000). In their model,

the covariance of the observation vectors is mod-
eled by factor analysis. This corresponds to intro-

ducing a state-dependent factor analysis into the

standard HMMs. The model can be directly ob-

tained from GFA-HMM by imposing the follow-

ing two constraints: (1) x(t) is distributed as a

standard Gaussian NðxðtÞ; 0; IÞ, (2) There is no
noise f(t) in x(t). EM algorithm derived for

GFA-HMM can also be directly applied to the
model by Saul and Rahim (2000). Reducing

GFA-HMM to one state and zero dimension of

z(t) may obtain factor analyzed Gaussian mixture
12 The value is not shown in the table.
models (FA-GMMs), which are applied for

speaker identification (Ding et al., 2002; Yamam-

oto et al., 2004).

A recent model proposed by Rosti and Gales

(2002) uses mixture of Gaussians to model the den-
sities of x(t), which is the continuous-valued latent
vectors to generate observation vectors. This

model can be obtained by setting dimension of

z(t) to be zero in GFA-HMM.

With the introduction of the hierarchical con-

tinuous-valued latent representation, GFA-HMM

is more flexible than the standard HMM. By tun-

ing latent dimensions and number of mixtures in
the latent spaces, compact representation of obser-

vations can be achieved via the GFA-HMM. This

gives strength to the model for acoustic modeling

with fewer parameters but may achieve higher per-

formances comparable to standard HMM.

In the view of computational complexity, the

GFA-HMM does need more computational re-

sources than the standard HMM, because of this
hierarchical continuous-valued latent representa-

tion. However, we may pre-calculate the inversed

matrices in order to speed up the program, because

most of the computations are due to calculations

of the matrix operations, e.g., matrix inverse, By

such scheme, we did not see dramatic increase of

computation costs. To train GFA-HMMs, a Pen-

tium 4 computer may take 1–2 h for one iteration
of 8440 digits utterances, which is comparable to

the time to train a standard HMM.

An important issue that deserves further work

is the determination of the number Dx, the dimen-

sion of the latent vector x(t). Dx is not a simple
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parameter since increasing the number increases

dimension of the driving noises f(t). As a result,

the model might not fit to real data, if the true

dimension Dx is not that large. For this reason, a

model selection scheme is suggested as a further
work.

So far, our empirical results (in Sections 5.3 and

5.4) show that, performances of GFA-HMM

depend on the underlying dimension Dx and the

number of mixture components My, especially for

multiple speaking styles. For example, whereas

Dx = 5 is optimal for slow speech, it may be optimal

at 10 for fast speech. Due to excessive computa-
tional costs, we have not yet made many experi-

ments to �select� the best model for each speaking
styles. However, based on our experimental results

so far, we may suggest that Dx = 10 is probably

good for many speaking styles. RegardingMy, our

observation of an optimal My in Section 5.4.2 is

consistent to the results on FA-HMM (Rosti and

Gales, 2002) reported in (Rosti and Gales, 2001).
Performances of their proposed factor analyzed

HMMs (Rosti and Gales, 2002) also depend on

My. IncreasingMy does not have a non-decreasing

performance improvement. On the contrary, large

My may hurt performances. Based on our results,

we suggestMy = 3 for GFA-HMMs.
7. Conclusions

We presented a model for representing observa-

tions using a generative factor-analyzed HMM
(GFA-HMM) by introducing a hierarchical con-

tinuous-valued latent representation, which also

depends on the discrete hidden state sequence of

the HMM. The observation vectors are interpreted

as arising from state-dependent hierarchical con-

tinuous-valued vectors, where the covariance ma-

trix is modeled by factor analysis. Noise in the

observation is modeled by state-dependent mixture
of Gaussians. The model reduces to standard

HMM when the observation vectors are depen-

dent on the state-dependent mixture of Gaussians

solely. EM algorithm is derived in this paper for

parameter estimation of the hierarchical latent rep-

resentation. The EM algorithm reduces to the

well-known EM algorithm for training standard
HMM when the observation vectors are not

dependent on the hierarchical continuous-valued

latent representation. The model may achieve a

more compact representation of the observations

when compared to standard HMM. In a set of
experiments, we verified that, with properly se-

lected latent dimensions and mixture components

in the latent spaces, the proposed acoustic model

achieves consistent and statistically significant

improvement relative to standard HMMs, espe-

cially in conditions with unseen noise and speaking

styles. This may be advantageous for speech recog-

nition with limited amount of data (e.g., spontane-
ous speech and fewer types of training noise).
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Appendix A. Derivation of posterior mean and

covariance of continuous latent variable

Posterior mean and covariance of x(t) given ob-
served vector y(t) and the associated state, q, and
mixture index, m can be derived in the following

way. First, assume that xðtÞ � NðxðtÞ; nx;VxÞ.
This provides the prior distribution of x(t). Then,
notice that, given q, m and x(t), observed vector
y(t) is distributed in NðyðtÞ;KxðtÞ þ ly

qm;R
y
qmÞ.

Write x(t) as a function of y(t), which gives
x(t) = (KTK)	1 KT(y 	 vqt) according to Eq. (7).

This term provides a distribution of x(t) without
a priori as

xðtÞ � NðKTKÞ	1KTðy	 ly
qmÞ;

ðKTKÞ	1KTRy
qmððK

TKÞ	1KTÞT: ðA:1Þ

Finally, product the above distribution with the

prior distribution of x(t), and use the rule of prod-
uct of Gaussian density (e.g., in Frey, 1999). Eqs.

(24) and (25) are arrived as a result.
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Appendix B. EM algorithm

We provide a more detailed derivation for re-

estimation formulae in Section 3.2. We begin by

evaluating auxiliary function (18) with posterior
statistics obtained in Section 3.1. For example, up

to a constant D, referring to Eq. (8), the last com-

ponent in the right of Eq. (18) can be expressed as

EH log
YT
t¼1

fpðyðtÞjxðtÞ; qt;mðtÞ; eHÞgdqmðtÞ

" #

¼ D	 1

2

X
t
cqmðtÞ log jeRy

qmj 	
1

2

X
t
cqmðtÞ

� ½ðyðtÞ 	 ely
qm 	 eK/xðtÞÞTðeRy

qmÞ
	1ðyðtÞ 	 ely

qm

	 eK/xðtÞÞ þ trðeKWxðtÞeKT
ðeRy

qmÞ
	1Þ�; ðB:1Þ

where tr(Æ) is the trace operation. By setting the
first order derivative of the above function w.r.t.

feK; ely
qm;

eRy

qmg to zero, updating formulae for the
parameters can be obtained as shown in Eq.

(34)–(36).
Note that the loading matrix bK in Eq. (34)

has to be estimated row by row (Woodland et al.,

1996). The nth row vector bkn of the new loading

matrix bK can be written asbkn ¼ kTnG
	1
n ; ðB:2Þ

where the Dx by Dx matrices Gn and Dx dimen-
sional vector are given as

Gn ¼
X
t

X
q

XMy

m¼1
cqmðtÞ

1

r2qmn
ð/xðtÞ/xðtÞT þ WxðtÞÞ

ðB:3Þ

kn ¼
X
t

X
q

XMy

m¼1
cqmðtÞ

1

r2qmn
ðynðtÞ 	 ly

qmnÞ/
xðtÞ;

ðB:4Þ
where yn(t) and ly

qmn are, respectively, the nth ele-

ment of observation vector y(t) and the nth ele-

ment of the observation noise mean vector ly
qm.

Note that the loading matrix bC in Eq. (39)

should be calculated row-by-row similarly as that

for bK; i.e.,bCn ¼ lTnH	1
n ; ðB:5Þ
where the Dz by Dz matrices Hn and Dz dimen-

sional vector are given as

Hn ¼
X
t

XMx

j¼1
cjðtÞ

1

ðvxjnÞ
2
ð/zðtÞ/zðtÞT þ WzðtÞÞ;

ðB:6Þ

ln ¼
X
t

XMx

j¼1
cjðtÞ

1

ðvxjnÞ
2
ð/xðtÞ 	 nx

jnÞ/
zðtÞ; ðB:7Þ

where vxjn is the nth element in variance V
x
j .
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